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SIGNIFICANCE  AND  EXPLANATION 


Many  physical  systems  which  are  in  an  equilibrium  state  are  modeled  by 
elliptic  equations.  A  simple  example  of  such  an  equation  is 

V»(<o(x)Vu)  =  0 

where,  for  example,  to(x)  is  the  density  of  a  plasma.  The  classical  theory 
for  such  problems  deals  with  situations  where  M>u»(x)>X>0,  i.e.  the 
"density"  is  uniformly  bounded  away  from  zero  and  infinity.  In  certain 
situations  degeneracies  appear  and  to  becomes  zero  or  infinite.  In  such 
situations  classical  methods  break  down.  One  approach  to  this  problem  is  to 
prove  weighted  versions  of  certain  inequalities  used  in  the  classical  methods 
in  order  to  extend  their  use  to  degenerate  situations.  This  is  carried  out  in 
the  present  work  for  an  extensive  class  of  weights  (o(x),  and  the  results  are 
applied  to  a  general  class  of  elliptic  equations. 

Degenerate  problems  of  this  form  appear  in  a  number  of  areas  including 
plasmas,  gas  dynamics,  and  diffusion  processes.  In  addition  the  use  of 
weighted  inequalities  is  prevalent  in  physical  problems  which  are  set  in 
unbounded  regions  or  which  involve  local  singularities,  and  their  general 


understanding  for  a  large  class  of  w(x)  should  have  potential  applications. 
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WEIGHTED  INEQUALITIES  AND  DEGENERATE 
ELLIPTIC  PARTIAL  DIFFERENTIAL  EQUATIONS 

E.  W.  Stredulinsky 
Introduction 

The  main  purpose  of  these  notes  is  the  analysis  of  various 
weighted  spaces  and  weighted  inequalities  which  are  relevant  to 
the  study  of  degenerate  partial  differential  equations.  The 
usefulness  of  these  results  is  demonstrated  in  the  later  part 
of  the  text  where  they  are  used  to  establish  continuity  for 
weak  solutions  of  degenerate  elliptic  equations. 

The  most  important  inequalities  dealt  with  are  certain 
weighted  Sobolov  and  Poincare  inequalities  for  which  the 
admissible  weights  are  characterized.  Weighted  reverse  Holder 
inequalities  and  weighted  inequalities  for  the  mean  oscillation 
of  a  function  are  dealt  with  as  well.  A  much  larger  class  of 
degeneracies  is  considered  than  previously  appears  in  the 
literature  and  some  of  the  applications  are  known  only  in  the 
strongly  elliptic  case. 

Two  approaches  are  taken  to  the  problem  of  establishing 
continuity  of  weak  solutions.  The  first  approach  taken  involves 
a  Harnack  inequality  and  the  second  Morrey  spaces.  The  first 
applies  to  equations  of  the  form  div  A  =  B ,  where  A,  B  satisfy 
the  growth  conditions 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29- 
80-C-0041.  This  material  is  based  upon  work  supported  by  the 
National  Science  Foundation  under  Grant  No.  MCS-8210950. 


( A |  <.  U(x)  IVul1*"1  +  +  a2(x)  , 

A*7u  >.  X (x)  |Vu|p  -  c^CxJuP  -  c2(x)  , 

I B  |  <  bQX(x)  |7u|p  +  b^x)  (7u  JP”1  +  b2(x)  up-1  +  b3(x) 


A  Harnack  inequality  is  proven  for  weights  u  ,  X  satisfying  certain 
capacitary  conditions.  Interior  continuity  follows  immediately 
from  this,  and  a  Wiener  criterion  is  establish  for  continuity 
at  the  boundary.  This  generalizes  work  of  D.E.  Edmunds  and 
L.A.  Peletier [EP],  R.  Gariepy  and  W.  P.  Ziemer  [GZ] ,  S.N.  Kruzkov 
[K],  H.K.V.  Murthy  and  G.  Stampacchia  [MS],  P.D.  Smith  [SM] ,  and 
N.S .  Trudinger  [Tl]. 

A  theory  of  weighted  Morrey  spaces  is  developed  which 
extablishes  continuity  estimates  for  a  wide  class  of  weighted 


Sobolev  spaces 


1  'P  with  p  >  d,d  the  spatial  dimension.  This 


is  in  turn  applied  to  prove  the  continuity  of  solutions  of  systems 
of  the  form  div  A^  »  i  *  l,...,m,  where  A^  and  satisfy 
growth  conditions  similar  to  the  above  with  p  >  d-e .  In  the  non- 
degenerate  case  this  is  due  to  K.O.  Widman  [Wl]  and,  in  more 
general  form  to  N.G.  Meyers  and  A.  Elcrat  [MYE] . 

It  is  necessary  to  mention  related  work  of  E.B.  Fh bes , 

C.E.  Kenig,  D.S.  Jerison,  and  R.P.  Serapioni  [FKS],[FJK]  which 
was  done  independently  at  the  same  time  as  the  work  presented 
in  these  notes.  The  approach  taken  and  the  material  covered  differ 
considerably  but  there  is  a  certain  overlap  (see  comments  before 
2.2.40  and  the  introduction  to  Section  3.1.0.). 


* 


The  following  is  a  brief  description  of  the  contents  of 
each  chapter.  The  reader  interested  mainly  in  the  applications 
should  proceed  immediately  to  Chapter  3. 

Chapter  1  contains  the  basic  analysis  needed  for  Chapter  2. 

The  relationship  between  maximal  functions,  covering  lemmas  and 
Lebesgue  differentiation  of  integrals  is  reviewed.  A  calculus 

for  functions  absolutely  continuous  with  respect  to  a  measure 
is  developed  and  the  admissible  weights  for  several  new  variations 
of  Hardy's  inequalities  are  characterized.  Finally,  several 
comparability  results  are  proved  for  "capacities"  and  set  functions 
which  appear  later  in  the  analysis  of  the  weighted  Sobolev 
inequalities. 

Chapter  2  deals  mainly  with  weighted  Sobolev  inequalities 
and  properties  of  weighted  Sobolev  spaces.  The  characterization 
of  weights  for  Sobolev  inequalities  is  carried  out  in  a  very 
general  setting  in  the  first  section  and  is  translated  to  a  more 
useful  form  in  Section  2.2.0  where,  in  addition,  some  examples 
are  developed.  The  main  thrust  of  Section  2.2.0  however,  is 
the  development  of  results  relating  capacity,  quasicontinuity, 
convergence  in  weighted  Sobolev  spaces  and  weak  boundary  values 
for  Sobolev  functions.  Chapter  2  closes  with  a  result  on  weiqhted 
reverse  Holder  inequalities. 

All  direct  applications  to  differential  equations  are 
contained  in  Chapter  3.  These  include  the  Harnack  inequality 
as  well  as  the  interior  and  boundary  continuity  results  for  weak 
solutions  of  divergence  type  degenerate  elliptic  equations  (3.1.0) ; 
modulus  of  continuity  estimates  for  Sobolev  functions  and  functions 
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of  vanishing  mean  oscillation  (3.2.0);  and  the  continuity  result 
for  weak  solutions  of  degenerate  elliptic  systems  in  a  "borderline" 
case  (3.3.0). 

I  would  like  to  express  my  sincere  thanks  to  William  Ziemer 
under  whose  guidance  this  work  was  completed.  Z  would  also  like 
to  thank  David  Adams,  John  Brothers,  and  Alberto  Torchinskv  for 
conversations  pertaining  to  this  material. 
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CHAPTER  0 


The  following  Is  a  short  list  of  conventions  and  notation  to  be 
used  throughout  the  text. 

Sections,  theorems,  and  statements  each  are  labelled  with  a 
sequence  of  three  numbers,  the  first  two  denoting  the  chapter  and 
section,  the  third  denoting  order  within  the  particular  section. 

The  Lebesgue  measure  of  a  set  E  is  represented  as  |E|  .  Hn 
represents  n-dlmenslonal  Hausdorff  measure.  The  abbreviations 
sup,  inf  will  be  used  to  represent  the  essential  supremum 
and  Inflmum  unless  It  is  specified  otherwise.  B(x,r)‘  is  the  open 
ball  of  radius  r  >  0  ,  centered  at  x  .  The  specific  space  in 
which  B(x,r)  is  contained  will  be  clear  from  the  context.  Sometimes 
the  notation  Br  «  B(x,r)  Is  used.  Xj:  is  the  characteristic  func¬ 
tion  of  the  set  E  ,  that  Is,  xE(*)  *  {  J  Otherwise  *  The  letter 
c  will  be  used  to  represent  constants  which  may  differ  from  line  to 
line  but  which  remain  Independent  of  any  quantities  of  particular 
Importance  to  the  specific  calculation  being  carried  out.  Lp(o,E) 

Is  the  space  of  equivalence  classes  of  measurable  functions  u  :  E  1R 
such  that  |  |u|p  do  <  •  .  Finally,  Vu  denotes  the  gradient  of  u  , 
that  Is,  Vu  »  { |jjr  ,  ...  ,  . 


-5- 


CHAPTER  1 


The  results  of  Chapter  1  are  of  little  direct  Interest  from  the 
point  of  view  of  differential  equations  but  are  necessary  tools  in 
proofs  of  the  major  theorems  of  Chapters  2  and  3.  1.1.1  and  1.1. & 

deal  with  the  relationship  between  covering  properties,  maximal  func¬ 
tions,  and  the  differentiation  of  integrals.  The  basic 
calculus  for  functions  absolutely  continuous  with  respect 
to  a  measure  is  developed  in  1.1.10.  In  Section  1.2.0 
the  weights  for  several  variations  of  Hardy's  inequalities 
are  characterized,  and  in  Section  1.3.0  a  number  of 
capacities  and  set  functions  are  shown  to  be  comparable. 


liJA0  Calculus  in  Measure  Spaces 

The  basic  motivation  for  the  inclusion  of  Section  1.1.0  is  the 
desire  to  present  in  an  elementary  manner  special  cases  of  known  results 
which  are  needed  in  other  sections. 

1.1.1  Covering  Properties,  Maximal  Functions,  and  Differentiation  of 
Integral s .  Let  ft  be  a  topological  space  and  (n,w)  a  measure 
space  with  u  positive  such  that  the  integrable  continuous  functions 
are  dense  in  L^(w,ft)  .  For  instance,  this  Is  true  If  u  Is  a  locally 
finite  regular  Borel  measure  and  ft  Is  a  o-compact  Hausdorff  space. 
Recall  also  that  every  locally  finite  Borel  measure  on  ®n  is  regular. 


-6- 


Let  H  *  U  H  ,  where  H  Is  a  nonempty  collection  of  measurable 
y e(l  y  y 

sets  B  with  y  «B  and  0  <u(B)  <•  and 


Hf(y)  «  sup 


M  Jb 


If  Idea  . 


It  Is  said  that  M  satisfies  a  weak  L1  estimate  if  there  exists 


c-j  >0  such  that 


«({Mf  >  X})  *  ^  J  If  |  dot 


for  all  f  e  L  (<u,fi)  . 


Consider  the  following  covering  property  for  some  collection 
^y*y«fl  ' 

1.1.2  There  exists  c1  >0  such  that  If  E  e  n  is  measurable  and 

G  c  U  L  is  a  cover  of  E  such  that  for  every  y  cE  there  exists 
y  tfl  y 

B  c  G  nLy  ,  then  there  exists  F,  an  at  most  countable  collection  of 
pairwise  disjoint  sets,such  that  F  c  5  and  <u(E)  s  c^  ta(U  B)  . 

1.1.3  Proposition.  If  Wy)  satisfies  property  1.1.2,  then  M 
satisfies  a  weak  L1  estimate. 


1.1.4  Proposition.  If  ut(n)  <»  ,  l<p<»  and  M  satisfies  a  weak 

L*  estimate,  then 

J(Mf)pdu>  s  c2  J  |f |P dw 

for  all  f  «Lp(u,n)  ,  where  c2  *  . 

1.1.5  Proposition.  If  M  satisfies  a  weak  estimate  and  f  « 
L*(w,fl)  ,  then 


0.1.6) 


11msup{^rgyj  |f-f(y)|dw:  B  ,  d1amB<a}*0 

for  almost  all  y  eft  .  The  convention  Is  used  that  the  supremum  taken 
over  the  empty  set  Is  zero. 


1.1.7  Remark.  (1.1.6)  implies  that  f(y)  s  Mf(y)  almost  everywhere  if 
tfy  contains  sets  of  arbitrarily  small  diameter. 


Proof  of  1.1.3.  Assume  (H  }  .  satisfies  1.1.2  and  let  E.  *  {Mf  >X)  . 

y  yen  a 

For  each  y  «EX  ,  3  B  eH^  such  that  J  |f|  du>  >  X  .  Let  G  be  a 

covering  of  E^  consisting  of  such  sets  and  use  1.1.2  to  get  F  c  G  , 

F,  an  at  most  countable  collection  of  pairwise  disjoint  sets  with 

w(E.)  s  c.u(0  b),  so  that 
_  F 

w(Ex)  s  c-j  l  tt(B)  5  T  I  Jg  lfl  **  *  IT  l  lf I  d»  •  ■ 


Proof  of  1.1 .4.  Given  f  e  LP(«,0)  >  1  <p<»  ,  It  follows  that  f  e 
L*(u,ft)  since  w(n)  <•  .  Without  loss  of  generality,  assume  f  zQ  . 

Let  fx  *  Xjfs.x/2}  *  so  that  f  s  f^+X/2  and  5  *  but 

2c.  »  2c.  » 

then  tu({Mf  > x})  s  w({Mf.  >X/2})  s  -r±  f.  d»  »  — i  f  dto  and 

A  A  J  A  X  J{f>X/2} 


dw  *  p  J**  x13"1 


5  2pcl  Jo  ^  l 

•  2pc 


«({Mf  >X})  dX 

f  dudx 


{f>X/2} 
P-2 


iiff 

■  ci  JJ,  ^  *“  •  o 


Proof  of  1.1.5.  Let  Lf(y)  *  11m  sup  {^y  f  |f  -f(y)|  du:  B«Hy  , 

ot+0  JB 

dlam  B  <a}  so  Lf(y)  s  Mf(y)  +  |f(y)  |  and 


w({Lf>A»  s  w({Mf  >A/2})  +«({|f|  >X/2» 

2(0,  +  1) 


J'f ' 


do>  . 


If  g  is  continuous  and  integrable,  then  it  Is  clear  that  Lg  *  0  . 

Choose  g  continuous  such  that  g  f  in  .  Lf  s  L(f-g  )  + 

n  n  " 

Lgn*L(f-gn)  and  so  cj((Lf  >X})  s  w({L(f  -  g^)  >X})  s 


2(c,  +1) 
X 


I 


du  ♦  0  as  n 


Thus  Lf«0  almost  everywhere.  ■ 
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1.1.8  Covering  Lemmas 

The  covering  lemma  1.1,9  is  a  direct  generalization 
to  doubling  measures  of  a  standard  covering  lemma  for 
Lebesgue  measure.  For  nondoubling  measures  this  may  be 
replaced  by  Besicovitch-type  covering  lemmas,  a  very 
general  form  of  which  is  proved  in  [MR] t  the  proof 
following  the  basic  outline  in  Besicovitch's  original 
paper  [B] .  A  more  accesable  reference  is  [G] . 

1.1.9  Proposition.  If  u  is  a  doubling  measure  in  a  bounded 

open  set  SI  ,  i.e.  u>(B  (x,r)  )£  c^  u>(B(x,2  r))  for  all  x,r  such 
that  B(x,2r)  £  SI,  then  the  covering  property  1.1.2  holds 
with  being  the  collection  of  all  balls  B  C  SI  with 

y  e  b. 

Proof.  Proceed  as  in  [ST],  page  9. 


1.1. I(T  Calculus  for  Functions  Absolutely  Continuous  to  a.  Measure.  The 
basic  calculus  for  functions  absolutely  continuous  with  respect  to  a 
measure  u  closely  resembles  that  for  u  *  Lebesgue  measure. 

If  to  Is  a  finite  positive  Borel  measure  on  [a»b)  and  f  :  [a.b)  ■* 
F  ,  then  It  Is  said  that  f  Is  absolutely  continuous  with  respect  to  o» 
If 
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(1.1.11) 


fVe>  0  3  6  >0  so  that  If  l  m(I< )  <  6  ,  where  the  I.  * 

1-1  1  1 

[a^,b.)  c  [a,b)  are  pairwise  disjoint  intervals,  then 

I  i ^(b . )  -f(a>)|  <e  . 

1-1  1  1 

As  a  direct  consequence  f  is  left-continuous  and  in  fact  discontinuous 
only  on  atoms  of  w  . 

Let  N*{yc[a,b):  w[y,x)  *0  for  some  x>y  ,  xc[a,b)>  .  N  Is 
a  countable  union  of  disjoint  maximal  Intervals  of  measure  zero,  and  so 

(1.1.12)  o»(N)  -  0  . 

The  results  of  the  previous  section  will  be  applied  to  the  measure  space 

[a,b)-N  ,  with  Hy  consisting  of  all  Intervals  [y,x)  with  x>y  , 

x«[a,b)  ,  so  that  Mf(y)  «  sup  -/rju  [  f  du  .  The  fact  that 

y<x<b  “VLy,xw  J[y,x) 

1 

continuous  integrable  functions  are  dense  In  L  (u>  ,  [a,b)  -N)  follows 
from  this  being  true  In  L^UtCa.b))  . 


1.1.13  Proposition.  Suppose  f  ,  g  are  absolutely  continuous  with 
respect  to  u  .  Then: 

(1.1.14)  f  Is  of  bounded  variation  and  f(t)  *  f(a)  +  P,  "  Na  » 
where  P*  »  N*  are  the  positive  and  negative  variations  of  f  on 

0  O 

[».t)  . 

(1.1. 1^  P*  ,  N*  are  absolutely  continuous  with  respect  to  w  and  In 

0  9 

duce  measures  p  ,  n  absolutely  continuous  to  u>  so  that 


«*>  ’ ,(a)  +  ft.,,  £  *•  • 


where  ^  is  defined  as  *  p  -fi  for  p  »  n  .  the  densities  of  p  ,n 
with  respect  to  u  . 


(1.1.16) 

(i)  almost  everywhere 


11m 

x+y* 

for 


<D 


hcL^w.Ca.b)) 


hdw  ■  h(y)  , 


,  and  so 


(1.1.17) 


11m 

x*y* 


til  almost  everywhere. 


(1.1 .IB)  fg  is  absolutely  continuous  with  respect  to  u  and 

.  if  g  ♦  £  f  , 

du  du  s  du  + 

<o  almost  everywhere,  with  f+  representing  the  limit  from  the  right  of 
f  .  The  asymmetry  disappears  if  It  is  realized  that  f+(y)  f  f(y)  only 

.  df  ,  t  f+(y)  -  f  (y) 

If  w({y})  t  0  ,  in  which  case  ^  (y)  ■  — ^(iyy) —  »  and  so 


(f+(y)  -  f (y))  9(y)  +  (g+(y)  -  g(y))  f(y)  ♦  (g+(y)  -g(y))(f+(y)  -f(y)) 

SHyD 


(1.1.19)  If  gac>0  for  some  c  ,  then  1/g  is  absolutely  continuous 
with  respect  to  w  and 


u  almost  everywhere. 


(1.1.21)  if  F  :  1R  ♦  1R  Is  differentiable*  then  F  ° f  Is  absolutely  con¬ 


tinuous  and 


F'*f  r  »  a.e.  where  f  is 
continuous 


F°f+  -  F*f 


»  everywhere  f  Is 
discontinuous. 


A  typical  application  of  Proposition  1.1.13  Is  the  evaluation  of 
f  M[t,*))+  X)adu(t)  for  a  >  -1  and  XiO  ,  where  u  Isa  finite 

a*.-) 

positive  Borel  measure  on  [a,«)  and  a)((a,»))  f  0  . 

Let  f(t)  «  o)([t,«))  +  X  so  that  f  is  absolutely  continuous  with 
respect  to  u  on  any  finite  Interval  and  •jj-j  »  -1  by  (1.1.17).  Let  b*  * 
1nf{te[a,»)  :  u([t,«»))»0)  ,  b'  possibly  *  ,  and  choose  b  such  that 
a<b<b'  and  w[t,»)  4  c>0  on  [a,b)  for  some  c  .  Altering  the 
function  F(t)  «  t®*1  on  (-•  ,  c/2)  If  necessary  to  insure  that  It  Is 
differentiable  on  1R  ,  apply  1.1.21  to  see  that  F°f  is  absolutely 
continuous  on  [a,b)  with  respect  to  u  and  that 


dF  #f 


(a+i)(w([t,«))  +  x)° 

<i»((t,»))»  \)*+\  -  u(rt*»i 

w({t>) 


»  If  t  Is  not 
an  atom  of  u> 

,  If  t  Is  an 
atom  of  w  . 


By  1.1.15  It  follows  that 


(«(&,-)>♦  X)°"  ■  MU.-))*  x)0+1 

-  («  +  l)  f  x)°  d,(t) 

+  I  X)°+>  .  (u([t,  .-))♦  X)*'  . 

VTb 

where  Tb  Is  the  set  of  atoms  of  «  In  [a.b)  and  so 


f  («([t,*))+ A)a  dw{t) 

_  (m(fa.«>»  +  \)a+]  -  fu(rb.-H+  \)a" 

at  +  l 


+ 


_L 

«+i 


‘i*Tb 


amt,.-#*  x)0*1  -  (»([tr«»+  xf» 
*  («*1)(»(tt).“))+  x)aiuHt()))  . 


Let  b  b'  ,  recall  that  u(b't«>)  »  0  ,  and  make  a  few  adjustments  If  b’ 
Is  an  atom  to  get 

C  («([t»«))+  l)a  du(t) 

-  HliidU  X)11*1 
a  +  1 

♦  I  [(»((»,,«))♦  x)**1  -  MC^.-J-fX)"1 

VT 

♦  <o*i)M[t(,-))+  x)“  »(«,})]  . 
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where  T  is  the  set  of  atoms  of  u  In  [a,<»)  .  A  simple  calculation 
shows  that 


(1.1.22) 


-sign  o  [  (oi([t,«))+  \)a  du(t) 

J[a,«) 


sign  ct 
a+  1 


MU.-))  +  X)“+1  . 


Proof  of  1.1.14.  This  Is  a  slight  variation  on  the  standard  proof  to 
avoid  the  discontinuities  of  f  .  Let  6>0  be  related  to  e*l  ,  as 

as  <*> 

In  (l.l.U),  so  that  l  jfO^)  - f(a1) |  <  1  If  J  wd^  <  5  .  Since 
u([a,b))  Is  finite,  w  has  at  most  a  finite  number  of  atoms  of  measure 
larger  than  5/2  .  Let  these  be  located  at  , ... ,  xfl  ,  <  x^+^  . 

Pick  e1  such  that  w(xi  .x^)  <  5  ,  1-1 . n  ,  so  given  x<  <y< 

x1+e1  ,  then  <  6  ,  and  so  Jffxj+ej)  -  f(y)|  <  1  .  Pick 

a  partition  a  *  aQ  <  a1  <  ...  <  a,^  ■  b  ,  which  includes  {x^  and 
(x^|)  and  for  which  ai((aj  ,  a^))  K  5  »  j  ■  0  , ...  ,  m.j-1  . 

61ven  a  partition  a  -  bQ  <  ...  <  bm^  -  b  ,  let  a  *  cQ  <  ...  <  - 

b  be  a  refinement  Including  both  {a^}  ,  {b^}  so  that 


»2’1 

iz0  |f<W-f<bi>l 

m3- 1 

4  ,io  l,(<W-f(ci)l 

j-i  j  cl"*J 

j-l,...,n 
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where  c  Is  the  division  pt  to  the  Immediate  right  of  x,  and  so 
Xj  j 

V 

+  j,  lf<»4t'j)-f<cxJ)l 

*1  I  l'<W-f<ck>l 

’  l  k  l+1 

Vxj 

*  J,  lf(xJ*ej)-f(xj)l  +n  *"1  • 

which  Is  Independent  of  the  partition  {b^}  »  so  f  Is  of  bounded  varia¬ 
tion.  I 


Proof  of  1.1.15.  From  the  above.  It  follows  that  f(t)  ■  f(a)+P*-  N*  , 
where  P*  ,  N*  are  the  positive  and  negative  variation  of  f  on  [a,t)  . 

O  « 

P*  will  be  shown  to  be  absolutely  continuous  with  respect  to  «  ,  and  the 

same  will  follow  for  N*  by  considering  -f  . 

"  00 

61ven  e>0  ,  let  5  be  as  in  (1.1.11).  if  T  «(!.)  <6  for 

1-1  1 

»  pairwise  disjoint  intervals,  pick  a  partition  a^  *  c^  ^  < 
b  "r1 

...<  c.  „  *  b.  such  that  pJ  s  l  (f(c,  <+1)  -f(c.  jf  ♦  -%■  ,  where 

1 ,nj  1  a^  jJq  l,j+l  l,g  21 

x+  "  fo  *  xsO  •  It  is  now  clear  that  P*  Is  absolutely  continuous 


since 
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Z  IP 
1-1  a 


•  bi 

-  P^|  «  l  P  1 
a  '  1-1  a1 


v1 


*  I  I  |f(C,  1+,)-f(c,  ,)|  ♦ 
1-1  j-0  '*J  1  ’‘J 


s  2e  , 


since 

«  OB 

Z  Z  4c,  1  »  c,  1+1)  -  l  w(I.)  <  6  . 

1-1  j*0  1,3  1-1  1 

1.1.23.  Since  P*  ,  N*  are  monotone  Increasing  and  left-continuous,  they 

fl  a 

Induce  measures  p  ,  n  .  To  see  that  these  are  absolutely  continuous  to 

«  ,  let  E  be  a  set  such  that  w(E)  -  0  .  Given  e>0  ,  pick  6  >0  , 

as  In  (1.1.27)  (with  f  replaced  by  P  *  )  and  V  relatively 

open  In  [a,b)  such  that  E  e  V  and  w(V)  <  6  .  V  »  U  I,  » 

“  1-1  1 
where  the  1^  are  pairwise  disjoint  Intervals  ,  1^  - 

(af  .  bj)  ,  1  -  2  , ....  *  and  either  1^  -  [a^.b^)  and  a^  -  a  or  I-j  * 

(a<jtb^)  .  Only  the  first  case  will  be  dealt  with,  the  other  being  similar. 

P(V)  •  ♦  l  -(%') 

a  \.2  *  '  a  '+ 

r  b1  a1+6l\ 

Z  P*  -  P,  ’)  +  e  for  some  6.  >0 
1-2  a  a  /  1 
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s  2e  , 


since  u([a,b,))+  T  ufa,  +6.  .  b.)  s  o>(V)  <  6  .  The  absolute  continuity 
1  1=2  1  1  1 
of  n  follows  similarly. 

The  Radon-NI kodym  theorem  now  gives  the  existence  of  p  ,  n  ,  the 
densities  of  p  ,  n  with  respect  to  w  .  Letting  ^  =  p-n  ,  1.1  J.5  fol¬ 
lows  from  (1.1  J.4)  and  1.1.23.  I 


Proof  of  (1 .1  J.6 ) .  Recalling  (1.1.1.2),  It  is  only  necessary  to  show  that 
{Vy«[a  b)-N  Property  1.1.2  in  order  to  use  Proposition  1.1.5 

to  conclude  for  h  e  L^(u>  ,  [a,b))  that 


11m 

x-*y+ 


h  du 


h(y)  a.e.  w  . 


This  being  proven,  (1.1.17)  follows  easily  since 


from  1.1.15. 


To  show  property  1.1.2  Is  satisfied,  let  6  be  a  collection  of  In¬ 
tervals  [y0  , xa)  ,  a«A  ,  A  some  Index  set. 


1.1.24.  It  will  be  said  that  F  Is  subordinate  to  6  If  F  c  G  and 

U  I  =  U  I  . 

IcF  I«G 

1.1. 25.  It  will  be  shown  that  there  Is  an  at  most  countable  collection  F 
subordinate  to  G  ,  In  which  case  there  is  a  finite  collection  F^  £  F 
such  that 


(1.1.26) 


w(U  I)  <  2w(U  I)  . 
I«F  I«G 
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Due  to  the  properties  of  intervals,  there  then  exists  a  collection  F 2 
subordinate  to  which  has  the  property  that  every  point  in 


(1.1.27) 


I  -  u 

UK 


I 


Is  covered  at  most  twice  by  Intervals  In  Fg  .  F^  can  then  be  split  into 
two  collections  F3  ,  F^  ,  with  “  F3uf4  »  where  the  intervals  in  F^  , 
1  ■  3,4  ,  are  pairwise  disjoint.  Then 

(1.1.28)  w(u  l)s2w(u  i) 

VIcF2  '  VIcFi  J 


for  one  of  1*3,4,  in  which  case  considering  1.1.24  to  (1.1.28),  it 
Is  seen  that  property  1.1.2  Is  satisfied  with  c^  *  4  . 

To  show  that  there  exists  an  at  most  countable  collection  F  sub¬ 
ordinate  to  6  ,  let  Y  be  the  set  of  points  yo  ,  a«A  ,  such  that 
ya  Is  not  In  the  Interior  of  any  Interval  [yg,xg)  ,  8  eA  .  It  Is 
claimed  that  Y  Is  at  most  countable.  For  yQ  «  Y  ,  no  point  of  [y0.xa) 
can  lie  in  Y  .  Pick  a  rational  number  ra  e  [ya,xa)  and  pair  It  with 
ya  .  ra  cannot  be  paired  In  this  way  with  any  other  element  of  Y  ,  so 
the  map  yQ  ■*>  ra  Isa  one-to-one  map  of  Y  into  the  rational  numbers, 
and  so  Y  Is  at  most  countable.  The  conclusion  now  follows  easily  since 
to  each  pair  of  rational  numbers  r  ,  s  with  Yg  <  r  <  s  <  xg  for  some 
6  <  A  ,  one  such  Interval  [yg»Xg)  can  be  associated,  8  denoted  as 

8  «  •  61ven  y  «  U  [ya»xa)  -  Y  ,  y  lies  in  the  Interior  of  some  1n- 
o«A 

terval  Cya»xa)  ,  so  there  exist  r  ,  s  rational  with  ya  <  r  <  s  <  x0  , 

and  so  y  lies  In  one  of  the  countably  many  intervals  [y.  ,  xg  )  , 

pr,s  pr,s 
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and  the  proof  Is  done.  I 


Proof  of  1.1.18-1. 1.20.  The  absolute  continuity  of  fg  and  1/g  follows 
exactly  as  In  the  Lebesgue  measure  case.  Using  (1.1.17)  then  gives  1.1. 18, 
1.1.19,  exactly  as  In  basic  calculus.  1.1. .20  follows  from  1.1.15  and 
1.1.18.  ■ 

Proof  of  1.1.21.  Since  f  Is  bounded.  It  follows  that  F  Is  uniformly 
continuous  on  the  closure  of  the  range  of  f  ,  so  that  it  Is  easily  seen 
that  F«f  Is  absolutely  continuous  with  respect  to  w  .  Using  (1.1.17) 
again  and  proceeding  as  in  the  basic  calculus  proof  of  the  chain  rule, 
1.1.21  follows.  ■ 

1.2.0  Weighted  Hardy  Inequalities 

Tomaselll  [TM],  Talentl  [TL],  and  Artola  [AR]  characterized  the 
weights  for  which  a  Hardy  Inequality  of  type  (1.2.10)  or  (1.2.12)  with 
p»q  holds.  A  simpler  proof  was  found  by  Muckenhoupt  [HI],  which  in  turn 
was  generalized  by  Bradley  [BR]  to  Include  the  case  q>p  .  The  other 
Inequalities  dealt  with  In  this  section  are  not  direct  generalizations 
of  the  original  Hardy  Inequalities  but  are  similar  In  nature.  Their  im¬ 
portance  stems  from  the  fact  that  they  arise  naturally  In  the  analysis  of 
certain  Sobolev  Inequalities. 

It  will  be  assuned  that  u  ,  \  are  positive  measures  on 
(R  u {-*,*}  ,  K)  ,  where  K  Is  the  o-algebra  generated  by  the  Borel  sets 
8  and  the  points  {-•,•}  ;  and  v  Is  a  positive  measure  on  ( 2R  ,8)  for 
which  there  Is  a  Lebesgue  deconposltlon  with  respect  to  Lebesgue  measure. 
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For  notatlonal  simplicity,  (  f  v(t)“^p*^  dt)p” 1  will  represent 

k 

sup  v  when  p*l  ,  v  being  the  density  of  the  absolutely  continuous 
A  ”j  i 

part  of  m  and  —  +  -~r  *  1  .  The  proofs  of  the  following  theorems  will 
be  deferred  to  1.2.13. 

1.2.1  Theorem.  For  lspsq<®, 

(1.2.2)  (£(f  9<s)ds)q  du(t))Vq  s  <=1  (£/(»)  dv(t))1/p 
for  some  c^  >0  and  all  nonnegative  Borel  measurable  g  Iff 

(1.2.3)  u’/q  (C— ,r])  £  g(s)  ds  s  c2(f  gp(t)  v(t)  dt)1/p 

for  some  CgC*  and  all  r  «  3R  and  g  nonnegative  and  Borel  measurable; 
Iff 

(1.2.4)  u1/q  ([~,r])(j~  v(t)'1/(p"'l)  dt)1/p'  s  c3 
for  some  c3  <  •  and  all  r  «  1R  .  And,  by  a  reflection, 

(1.2.5)  (£_  (j\(s>  ds)<Tdu(t)y/q  s  c,(£  gp(t)dv(t)),/p 
for  some  c^  <•  and  all  nonnegative  Borel  measure  g  Iff 


r 


for  some  Cg  <«  and  all  r  e  IR  and  g  nonnegative  and  Borel  measurable; 
Iff 

(1.2.7)  y1/,(t>,.«])(|r  0(t)‘,/(p'1)  dt)1/p'  s  c3 

for  some  c3<®  and  all  r  e  IR ,  where  v  Is  the  Lebesgue  density  of  v 
(dv  *  v(t)  dt  +  ch>s)  . 

If  the  constants  c.  ,  i  *  1  ,2  ,3  are  chosen  as  small  as  possible, 
then  Cj  s  c?  s  c1  i  p'^p  p^q  Cj  .  The  convention  0  •*  *  0  Is  assumed, 

and  p*^p  Is  taken  to  be  1  when  p'  »  •  . 

Given  y  a  positive  measure  on  (A,K)  and  v  a  positive  measure 
on  (B,8)  ,  extend  y  so  that  y((!R  u{-*,0B})  -  A)  »  0  and  v  to  have 
Infinite  density  on  IR-  B  ,  then  it  easily  follows  from  Theorem  1.2.1 
that 

(1-2-8)  (UL(t..)  9<s)'ls),  d“(t))v,,  s  Kl  9(t>p,ju(t,)1/p 

for  some  c  <•  and  all  nonnegative  Borel  measurable  functions  g  iff 

sup  y1/q  ([~»,r]n  A /[  v(t)"1/(p~1)  dtY/P  <•.  Theorem  1.2.9 

r  ''Bn(r,«)  ' 

presents  two  special  cases  of  this. 

1.2.9  Theorem.  For  lspsq<»  , 


(1.2.10)  (£(£  g(s)  ds)q  dy(t))Vq  s  c^  gp(t)  dv(t))1/P 


for  some  <  <»  and  all  nonnegative  Bore!  measurable  functions  g  ,  Iff 

(1.2.11)  supu1/q  ([0,r])(f  v’1/(P-^dt)1/P  *  b.  <  •  . 

Osr  7  1 

And 

(1.2.12)  (Jf  (£  g(s)  ds)qdu(t))1/q  s  c2(f  gp(t)  dv(t))1/p 

for  some  c2  and  all  nonnegative  Borel  measurable  functions  g  Iff 

(1.2.13)  sup  u1/q  ([>,-])(  f  v(t)"1/(p‘1)  dtV/P‘  -  b,  <  •  . 

Osr  xJO  7  z 

And,  as  a  consequence, 

(1.2.14)  (j*  |J^  g(s)  ds |  du(t))1/q  s  c3(j**  gp(t)dv(t))1/P 

for  some  c^>0  and  all  nonnegative  Borel  measurable  g  Iff 

r  sup  v1/q  ([r,«])(  f  v(tr1^p-1)dt)VP  «  b2  <  • 

Osr  'J0  IZ 

(1.2.15)  and 

sup  u^q  (C-*,r])(  f  v(tr1/<p-1)dt)VP  «  b,<  •  , 
r*0  Jr  7  J 

where  v  Is  as  In  Theorem  1.2.1. 

If  C|  ,  1  ■  1  ,2 ,3  ,  bj  ,  1*1,2  are  chosen  as  small  as  pos¬ 
sible,  then  bj  *  c^  s  p1/,q  p,1/,p'  for  1*1,2  and 
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maxJbj.bj}  s  c^  s  P^q  p'^p  max{b2,b3)  .  The  convention  j  g(s)  ds  * 
tO 

g(s)  ds  for  t<0  Is  used  in  (1.2.14)  and  0  •«  «  0  is  used 

k 

throughout.  Also  p'^p  *  1  for  p'  *  ®  . 

The  inequalities  dealt  with  in  Theorem  1.2.16  depart  somewhat  from 
the  structure  of  the  classical  Hardy  inequalities,  but  their  analysis  is 
similar.  They  arise  naturally  in  the  study  of  certain  Sobolev  inequalities. 
It  is  somewhat  remarkable  that  (1.2.23)  and  (1.2.24)  are  equivalent  since 
in  general  their  left-hand  sides  are  not  comparable  unless  |X|  ,  |p|  <• 

and  X(E)  s  c  u(E)  . 

1.2.16  Theorem.  For  1  sp  sq  <•  , 


(1.2.17)  (j*  |  g(a)  dodX(s))q  gp(t)  dv(t))1/P 

for  some  c^  <  «  and  all  nonnegative  Borel  measurable  g  Iff 

(1.2.18)  y1/q([-*,r])  j"  g(s)x[s,»]ds  s  c2j(j"  gp(t)  dv(t) )1/P 

for  some  c2  -j  <  *  and  all  r  e  1R  and  g  nonnegative  and  Borel  meas¬ 
urable  iff 


(1.2.19)  sup  u1/,(C-“.r])(r  (XPJtfJ)V(P  "  «)VP  *»>,<- 
r  *r 

And,  by  a  reflection. 
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0.2.20)  (J*  (|  J  g(o)  dodx(s))qdy(t))1/q  s  c,  2(j"  9p(t)dv(t))V 
for  some  2  <  “  and  all  nonnegative  Bore!  measurable  g  Iff 

(1.2.21)  |r  g(s)  X[-.,r]  ds  sc22(Jr  9p(t)  <Mt))’/P 


for  some  c2  2  <  "  and  r  <  ®  and  9  nonnegative  and  Bore!  measurabl 


(1.2.22)  sup  u1/q([r,.])(|^(^^ 


r  (%#)V,P‘1)  ^P' 


*  b2  <  •  . 


And.  In  consequence. 


(1.2.23)  (£(£jj  9(0)  dsldxls^duft) )1/q  s  CJ  3(|"  g(t)  du(t))1 


for  some  c^  j  <  ®  and  all  nonnegative  Borel  measurable  g  Iff 

(1.2.24)  (j“  ||"  j*  g(a)  da « ( s ) j **  du(t))1/<!  s  c2>3(|“  sp(t) dv(t))VP 

for  some  Cg  j  <  «  and  all  nonnegative  Borel  measurable  g  which  are 
bounded  and  have  compact  support. 

Iff  (1.2.18)  and  (1.2.21)  hold. 

Iff  (1.2.19)  and  (1.2.22)  hold, 
where  v  Is  as  in  Theorem  1.2.1. 

The  conventions  |  g(o)  do  «  -  J  g(o)  do  for  s>t  , 
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0  If  the  numerator  and  denominator  are  either  both  0  or  both 


xprt,»i 


•  ,  and  0  ••  *  0  are  used. 


1.1.25.  If  the  Integral  j*  J  g(o)  dodA(s)  in  (1.2.24)  is  not  defined 
In  the  classical  sense,  that  is.  If  t  is  given  and  j  g(o)  do  takes 


takes 


on  both  positive  and  negative  values  and  Is  not  In  L  (A)  ,  then  It  may  be 
given  an  arbitrary  value  without  affecting  the  theorem.  Care  must  be 

ft  i 

taken  if  for  fixed  t  ,  g(o)  do  Is  of  one  sign  and  Is  not  In  L  (A)  , 

's 

In  which  case  the  Integral  1.2.25  is  given  the  value  ®  or  ,  depend- 

ft 

Ing  on  the  sign  of  g(o)  do  .  The  assumption  that  g  is  bounded  and 
of  compact  support  in  (1.2.24)  is  added  solely  for  use  In  the  applications; 
It  Is  not  necessary  here. 

If  Cj  j  are  chosen  as  small  as  possible,  then  b^  s  c2  ^  s  c.j  ^  s 
pl/q  p«1/P  for  1*1,2  and  maxtb^.b^}  s  c^  3  t  c1  3  s 

2pVq  p»  1/P  maxC^.bjj)  . 


Remark.  Theorems  1.2.1,  1.2.9,  and  1.2.16  are  equivalent.  Theorems  1.2.9 
and  1.2.16  will  be  proven  directly  from  1.2.1,  and  Theorem  1.2.1  may  be 
recovered  from  1.2.9  by  a  change  of  variable  from  [0,®]  to  ac¬ 

companied  by  appropriate  choices  of  measures,  and  from  1.2.16  by  choosing 
A  to  be  a  point  mass  at  «  or  . 

It  would  be  Interesting  to  extend  the  preceding  theorems  to  the  case 
q<p  .  The  following  theorem  extends  the  last  part  of  Theorem  3  to  the 
case  q»1  .  The  global  nature  of  condition  renders  It  of  no  use  in  prov¬ 
ing  Sobolev  Inequalities. 


1 .2.26  Theorem.  For  1  *  p  <  «  , 


(1.2.27)  j"  J"  ||4  9(o)do|dX(s)  dy(t)  s  c(j"  9P(t)  dv(t))1 


for  all  nonnegative  Borel  measurable  g  Iff 


(1.2.28) 


il/(p-D  vl/P1 


v  as  In  Theorem  1.2.1.  The  conventions  ^  *  0  for  the  Integrand  of 

(1.2.28).  0  ••■(),  and  J  g(o)do*-|  g(o)  <b  for  s>t  are  used. 

Proof 'of  Theorem  1.2.1.  The  main  substance  of  the  result 

Is  the  sufficiency  of  Inequality  (1.2.4)  .  Assume 

(1.2.4)  and  P>1.  Let  h(t)  “  (j^  v(s)”1/(p'1)  ds)1/p*  and  lm  - 

(t:  u(t°»,t])  a  0}  so  that  yU^)  *  0  .  From  (1.2.4)  It  follows  that  h  «  » 
only  on  I  and  so  h  <  •  on  T  ■  R  -  I  . 

1.2.29.  Let  Iq  be  the  Interval  Ig  ■  (t:  h(t)aO)  so  that  h  Is  locally 
absolutely  continuous  on  T-Ig  .  This  combined  with  the  continuity  of  h 


on  T  leads  to 


(1.2.30) 


h(t)  ■  -  j"  h *  (s)  ds  for  t  e  T  . 


1.2.31.  If  g>0  and  v  •  «•  on  a  set  of  positive  measure,  then  (1.2.2) 
is  true;  otherwise  g  »  0  a.e.  on  {v  ■  ,  and  so  g  « 

p'^/P  g(vh)^p (h‘ )^p  a.e.  In  T  .  Now  using  Holder's  Inequality  and 
(1.2.30),  and  recalling  that  y(lR-  T)  ■  0  ,  It  follows  that 


(Jl  (£  9<s)  *)*  d“(t))p/<' 

*« )p/q 

s  p«P/P  |"  gPvh  (J  hq^p  (t)  du(t))P^  ds 

(by  using  Minkowski's  inequality) 

s  p,p/rp  cE"1  P  gpvh([  y-Vp  ([-«,t]  du(t)V*^  ds 

3  Lao  ^[-“.slnl'  ^ 

(by  (1.2.4),  where  I*  *  (t:  u[-“,t]  =«} ) 

,  t*'*'  e$-’  pp/<<  £  gpvh  w1/q(C—.0 -I')  ds 

(using  1.2.32) 

s  p,p/rp  cp  pp/,q  l"  gpv  ds 

(by  (1.2.4)) 

1.2.32.  [-.sin  I'  is  an  Interval  [-*®,s']  or  (-»,s' )  on  which 
u(C— *» t])  is  finite.  Pick  s"  <  s'  and  let  u  be  the  restriction  of 
V  to  (— ,s"l  ,  and  let  u>  be  the  reflection  of  u  ,  l.e.  u>(A)  «  w(-A) 
Mow  apply  the  results  of  1.1.13,  specifically  (1.1.22),  with  <■>  and 
X  •  v({—})  to  get  that 

(1.2.33)  f  u'1/P’  (C-,t])du(t)  s  puVp([-,s"])  . 

Let  s"  ♦  s'  and  use  y-1^p  ({$* }}y((s' ))  *  y^p((s'})  if  s'  is  an 
atom  of  y  to  get  (1.2.33)  with  s"  replaced  by  s  as  required. 


If  p  *1  ,  then 


(T  (£  *(*)  ds)q  ^(s))1^ 


* 


9(s)p1/<1(C--.s3) 


ds 


by  Minkowski's  inequality 


s 


ess  Inf  v  ds 
(s,«) 


s 


The  fact  that  (1.2.2)  Implies  (1.2.3)  follows  by  first  replacing 
9  by  9X(r$0BjnA  *  where  1R- A  supports  the  singular  part  of  v  and 
|F-A|  -  0  and  then  reducing  the  interval  of  integration 
with  respect  to  y  to  [-«,v] . 

The  proof  of  the  Implication  (1.2.3)**(1.2.4)  Is  brokendown  Into  3  cases 

depending  on  whether  (J  v(t)’^^”^  dt)^  Is  zero,  strictly  positive 

but  finite,  or  Infinite  (recall  that  for  p«l  this  Integral  represents 

sup  v"1  ).  In  the  first  case  (1.2.4)  Is  trivial.  In  the  second  case, 

(r,«) 

If  p  >  1  ,  set  g  ■  v  ,  and  If  p  ■  1  set  9  *  9n  *  Xr  »  where 

n  on 

B  ■{t:v"^(t)  a +  sup  v  ,  and  let  n  ■*  «  to  achieve  (1.2.4). 

"  n  (r,«) 

1.2.34.  In  the  third  case  It  Is  necessary  to  construct  a  function  g 
such  that  gaO  ,  j  g**v  dt  <  •  while  J  g  ■  •  ,  in  which  case, 

.  b  b 

recalling  the  convention  0  «•  ■  0  ,  It  Is  seen  that  u([-*,r])  *  0  and 
(1.2.4)  Is  proven. 
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To  construct  g  as  in  1.2.34  it  is  first  assumed  that  v  >  0  a.e.; 
otherwise  let  g  be  *  on  {v*0>  and  zero  elsewhere.  For  p>l  let 
En  *  (t  £  (r,«):  2"^n+^  s  v( t)  <  2-n}  .  If  |En|  a  »  for  some  n  ,  then 

p  1 

pick  g  such  that  g  c  L  (En)  ,  g  i  L  (En)  ,  and  g  *  0  elsewhere. 
Otherwise  (EJ  <»  for  all  n  . 

1  |Enl  2^n+^^P”^  a  P  v-V(p-l)  a  .  ,  so  pick  ik  iteratively 
n*-~  «r 

k-1 

such  that  i„  s  0  and  for  n.,  *  T  1.  it  holds  that 
0  k  i»o  1 

St  -  7  |E  |  >  (k  +  l)“ 

Vl"l<Vik  ' 

2 

for  a  fixed  a  >  . 


Let  g(t) 


■(' 


2(l+pn)/(p-l)  \VP 


\1/P 

j  if  n 


(k+1)  Sk 

r  n  -  1 E  I  2("+1>/(P-1> 

I  gpv  -  I  ^ - 2 - 

Jr  n»-«»  (k+lrSk 


k  S  |n|  <  nk+1  and  t  c  En  so 


l  - \ -  l  |E  |  2<n+1)/(P'1) 

k*0  (k+1 r  \  nks|n|<nk+1  n 


1 


l 

k-0  (k+l)‘ 


<  00 


while 
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-  IE  |  2(n+1)/(p‘1) 

r  1  n1 

n—  ((k+1)2  Sk)'/P 


.  ,-1/P  y  ( _ 3 _ Y/P  y  IE  I  2(n+»/(P-l) 

k*0  \(k+1)2  Sk/  Vln'<nk+1  n 

_  «•  1-1/p  _ 

.2-Vp  l  iL_  ,2-Vp  l  (k+1)«(l.l/p)-2/P 
k«0  (k+l)z/p  k-0 


since  «(1  -J)  -  |  >  0  . 


For  p*l  ,  Inf  v  *  0  ,  so  pick  a  set  A  of  positive  finite  meas- 
(r,«) 

ure  such  that  Inf  v  *  0  .  Either  v  *  0  on  a  set  B  of  positive  measure 
A 

In  which  case  take  g  *  »  on  B  and  zero  elsewhere,  or  else  e  can  be 

n 

chosen  such  that  e_+0  ,  s  \  and  (El  >0  ,  where  E„  *  {t  e  A: 

n  e_  c  •  n1  n  1 

n 

en+l  s  <  en^  •  For  this  case  1et  an  *  KtcA:  >>(*)  <  enM  so  that 

l 

!EJ  ’  an  ‘  Vl  •  and  let  9  " 

follows  that 


•  f  «  E„  . 

"  V>  "  .  It  then 


el sewhere 


en  ~  cn+l  .  ± 
an  '  an+l  en 


while 


r 


9?  *  I  |En|  /■.  -S- 

r  n=0  n  an  an+l  en 


eft  -  11m  e 
0  rn-  n 


••o" 


The  second  half  of  the  theorem  Is  proven  by  replacing  y  »  v  ,  g 

by  y  ,  v  ,  g  ,  where  w(A)  =  y(-A)  ,  v(A)  =  v(-A)  ,  g(t)  *  g(-t)  , 

and  using  f  g(t)  dy(t)  -  f  g(t)  dy(t)  . 

J-A  k 

Proof  of  Theorem  1.2.9.  Restrict  y  to  A  *  [0,«]  and  v  to  8  *  [0,«)  , 
and  then  extend  them  as  in  (1.2.8).  If  (1.2.10)  holds,  then  (1.2.2)  holds 
with  the  extended  measures  since  If  g  >  0  on  a  set  of  positive  measure 
In  (-*,0)  ,  then  the  right-hand  side  of  (1.2.2)  Is  infinite.  (1.2.11)  then 
follows  from  (1.2.3).  Conversely,  If  (1.2.11)  is  true,  then  (1.2.4)  trivially 
holds  for  the  extended  measures,  the  condition  for  r  <  «  reducing  to  that 
of  r«0  ,  and  (1.2.10)  follows  from  (1.2.2)  by  taking  g  with  support  in 
[0,«)  .  The  equivalence  of  (1.2.12)  and  (1.2.13)  follows  similarly. 

Assune  (1.2.14).  Letting  g  have  support  In  [0,«)  and  (-®,0] 
respectively.  It  follows  that  (1.2.12)  and  its  reflection 

(j  (J^  9(s)  ds)q  dy(t))1/q  s  c3(J  gp(t)  d\<t)  y/p 

hold,  which  then  Implies  (1.2.13)  and  Its  reflection,  and  so  (1.2.15)  holds. 

Conversely,  If  (1.2.15)  is  true,  then  both  (1.2.12)  and  Its  reflec¬ 
tion  hold  so  that 
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du(t) 


DO- 

£  (jo  g(s)  ds)q  dy(t)  +  |  (J^  g(s)  dsj*  dy(t) 


(c2(f  gP(t)  dv(t))VP)  +(c4(f  gp(t)  dv(t))  /P j 


1/P\q 


maxfc^  ,  c4q }( j"  gp(t)  dv(t))q/P  . 


Proof  of  Theorem  1.2.16.  The  equivalence  of  (1.2.17),  (1.2.18),  and 
(1.2.19)  will  follow  from  that  of  (1.2.2),  (1.2.3),  and  (1.2.4).  The 
equivalence  of  (1.2.20),  (1.2.21),  and  (1.2.22)  then  follows  from  applying 
the  reflection  A  -A  ,  as  In  Theorem  1.2.1. 

It  will  now  be  shown  that  (1.2.17)  -*-(1.2.18)  —►(1.2.19)  — ►(1.2.17). 


(1.2.35)  I  [  g(o)  dodA(s)  «  J  g(o)X[o,®]  ds  '  by  Fublnl. 

Jt  Jt 

Assume  (1.2.17),  so 

(H  X^s*"^  ds)q  dv^|)1/q  *  cl,i  (j^  9P(t)  dv(t))/P  • 

Replace  g  by  g  *X(r  and  reduce  the  Interval  of  integration  on  the 
left  to  get  v^C-^r]  j"  g(s)A[s,*]ds  s  c^  (j*  gp(t)  dv(t))  ,  and 
(1.2.18)  Is  verified. 

Assume  (1.2.18),  replace  g  by  9  *X4  >  where  A  Is  the  support  of 
the  singular  part  of  v  ,  to  get 

j 
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(1.2.36)  y1/q[-»,r]  l"  g(s)X[s,»]  ds  s  c 2j(|*  9P(t)  v(t)  dtj^  . 

Let  Iq  *  {t:  y[-«°,t]  =0}  so  vi(Iq)  =  0  since  Iq  is  an  interval.  Let 

J0  ■' (t:  X[t,»]  =  0}  and  =  {t:  X[t,»]  =  «}  .  From  (1.2.36)  it  is 

seen  that  v  *  ®  a.e.  on  the  interval  J  -  I.  (let  g  *  g  « 

0  *n 

x{v<n}n(Ja#-I0)n(-»,n)  )p  so  if  m  •  then  ^(t)  *  00  on 

J.  -  Iq  using  the  convention  that  =0  if  X[t,«]  and  v(t) 

are  either  both  0  or  both  «  .  Also  v*(t)  a  »  on  Jq  using  the  same 
convention. 

If  it  doesn't  hold  that  g  =  0  a.e.  on  (J^  -  IQ)  u  JQ  ,  then 

(1.2.37)  y1/q[-*,r]  j"  g(s)  ds  s  c2  }  j“  gp(t)  v#(t)  dt  , 

[  0  »  Jo  u  J® 

otherwise  let  g(t)  ,  so  on  R  -  IQ  ,  g(t)  » 

•  other"1se 

g(t)X[t,«]  and  gpv  *  gp  v*  .  Using  g  in  (1.2.36)  then  gives  (1.2.37), 

but  since  (l  .2.3)  (1 .2.4) ,  It  follows  that  y1/q[-«,r]  v/^^tt)  dtjf,P 

s  Cg^-j  t  so  (1.2.19)  Is  verified. 

Assune  (1.2.19).  Using  (1 .2.4)  -►  (1 .2.2),  it  follows  that 

(£(f  9(s)  <Js)<’  du(t))Vq  s  p1/q  P'VP'l>l(£t  9p(t)  vjt)  dt)1/P 

Replace  g(s)  by  g(s)X[s,«]  and  use  that  X[t,«]v*(t)  s  v(t)  to  get 
(1.2.17)  and  so  the  circle  of  implications  is  completed. 
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It  remains  to  show  that  (1 .2.23)  — *(1 .2.24)  -*{(1.2.18),  (1.2.21)}—* 
{(1.2.19),  (1.2.22)} -*(1.2.23).  Recall  1.2.25.  (1 .2.23)  -*  (1 .2.24) 

Is  trivial.  To  show  (1.2.24)  -*(1.2.18),  first  reduce  the  interval  of 
Integration  on  the  far  left  of  (1.2.24)  to  [-®,r]  and  replace  g  by 

9x(r.-)  t09et 

j”  g(s)x[s,-]  ds 

•(£  j|^  J*  3r(o)dadX(s)|q  duCt))1^ 

*  C2.3(f’9P(t>  du(t,)1/P 

for  bounded  g  of  compact  support  since  J  g(o)x^r  ^  do  «  0  if  both 
s,  t  *  r  .  Take  monotone  limits  to  get  all  positive  measurable  g  .  In 
a  similar  way  (1.2.24)  -*(1.2.21).  {(1.2.18),  (1 .2.21)} -*-{(1 .2.19) , 

(1.2.22)}  by  the  first  part  of  Theorem  1.2.16.  From  Theorem  1.2.1  It 
is  seen  that  {(1.2.19),  (1.2. 22)}-*{(1.2. 2),  (1.2.5)}',  with  v(t)  re¬ 
placed  by  so  replacing  g(t)  by  g(t)A[t,«]  and  using  that 

X[t,*]v#(t)  s  v(t)  ,  it  follows  that 

(j*  (j*  ||  g(o)  do  |  dA(s))q  dy(t)) 

*  (T  (It  It  dadx(s))q 

♦  (jQ  (f  |%(o)  dodA(s))q  dv(t))Vq 

*  (j"  (jj*  g(a)A[o,-]  do)  du(t)) 

+  (j"  (|  da)  dy(t))  ^ 

s  2p1/q  p*  ^P*  max{brb2}(|*  gp(t)  0(t)dt)Vf>  , 


and  the  proof  is  complete.  I 


Proof  of  Theorem  1.2.26. 


T 

f-O# 

j*  ||  9(o)  da |  dA(s)  dp(t) 

•r 

J— OO 

(j*  g(a)A(a.®]  da  +  |  g(a)A[-®,a)  do^  dy(t) 

JOO 

iQ9 

rX(o,»] 

,  a  >  t 

*  r 

g(a)  [  f(a,t)  dy(t)  da  for  f(o,t)  ■  < 

° 

,  a  *t 

J— 00 

lx[-®,a) 

,  a  <  t 

(1.2.38) 

*  |  g(o)  h(a)  do 
••00 

for  h(o) 

*  A(a,«]y[-«,a)  +  A[-®,a)u(o,«]  . 

Let 

Eq  *  (t:  h(t)  =  0}  ,  Ew  -  {t:  h(t)  =  ®}  . 

> 

Assume  (1.2.27).  Replace  g  by  9  XA  »  where  A  is  the  support  of 
the  singular  part  of  v  to  get 

(1.2.39)  g(o)  h(o)  do  s  c(J"  gp(t)v(t)dt) 

From  this  It  is  easy  to  see  that  v  =  ®  on  E  so  that  v*(t)  *  = 

hp(t) 

on  E^  using  the  convention  for  that  ~  *  0  .  Also  v#(t)  *  * 

on  Eq  using  the  ^  *  0  convention  for  .  If  It  is  not  true  that 

g  •  0  a.e.  on  EQ  u  E^  ,  then 

(1.2.40)  j"  g(s)  ds  s  c  (J*  gp(t)  v.(t)  dt)  , 
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/ 


f°  ’E0uE- 

otherwlse  let  g(t)  *  |  .and  substitute  g  in  (1.2.39) 

(hB}  *  elsewhere 

to  get  (1.2.40).  Assuming  (j*  v*(t)“^^p“^  dt)  ««  leads  to  a 

contradiction  with  (1.2.40)  using  the  construction  in  Theorem  1  since 

either  (f  dt f'  --  or  (j°  5.(t)-V(M)  dtf’  .  -  . 

P*  l 

If  V*(t)'1/(P*1)  dt)  «  0  ,  then  (1.2.28)  is  trivial;  otherwise 

for  p>l  let  g(t)  *  v*(t)"^p“^  In  (1.2.40)  to  get  (1.2.28).  For 

p  »  1  let  gn(t)  *  n  x[t-n,t+n]  and  1et  n  **“  ®  t0  d1f' 

ferentlate  the  Integrals  and  achieve  (1.2.28). 

/hP\V(p-D 

Assume  (1.2.28).  The  Integrability  of  implies  that 

p  - 

tj-  <  *  a.e.,  and  so  considering  the  q  *  0  convention,  off  a  set  of 
positive  measure, 

(1.2.41)  either  v(t)  «  0  or  h(t)  »  0  for  a  given  t  . 

Also  It  can  be  assumed  that  g  ■  0  a.e.  on  (t;  v(t)  *  »}  since  other¬ 
wise  (1.2.27)  is  trivially  true.  Considering  this  and  (1.2.41)  it  follows 

that  g(t)h(t)  s  g(t)  5 1/p(t)  a.e.  and  so  Holder’s  inequality 

applied  to  (1.2.38)  gives  (1.2.27).  I 


1.3.0  Eoul valence  of  Capacities 

The  set  functions  which  arise  naturally  In  the  analysis  of  the 


Sobolev  Inequalities  treated  In  Chapter  2  are  difficult  to  work  with  In 


their  original  form  except  In  special  cases.  In  the  present  section  they 
are  shown  to  be  comparable  to  more  familiar  capacities  and  set  functions. 

Let  (M ,F,v)  be  a  measure  space  with  v  positive,  and  let 
Wq*p(v,M)  be  a  set  of  real  valued  F  measurable  functions  on  M  satis* 
fying  the  following  properties.  Wq,p(v,M)  is  closed  under  composition 
with  functions  f  «  N  *  {f  «  C*°( IR)  :  f (0)  =  0  ,  f '  is  bounded,  and 
f*  i0>  .  There  Is  a  map  {0(  :wJ,p(v,M)  -  Lp(v,M)  such  that 

(1.3.1)  (j  |Df  «4>|P  dv)VP  <vd  (J  |f*(4>)lP  1D4>|P  dv)VP 

for  all  <j>  e  Wq’p(v,M)  ,  where  the  notation  |D$|  «  |D|(<fr)  and  a  ^  b 
Iff  d-1a  s  b  s  da  has  been  used. 

If  H  c  wJ,p(v,M)  ,  H  closed  under  composition  with  ft  N  and 
1  sp  <•  ,  A  £  M  ,  then  let 


Cw  p(A)  »  1nf{j  |D<|>!P  dv:  <p  £  H  ,  <fril  on  A} 


*H,p(A)  *  dt)  P  *ett  *  °n  A}  . 


r(p-i) 


y.  Is  the  density  of  the  absolutely  continuous  part  of  v*  ,  the  dlstribu- 
tlon  measure  of  y.  with  respect  to  <p  ,  where  dy.  -  |D$|P  dv  ,  i.e., 

J,  <p  ♦ 

,  |0$lp  dv  .  The  conventions  are  used  that 

1  *  (E)  (P  1) 

yt(t)"^^p”^  dt)  ■  Inf  y*(t)  if  p»l  ,  and  inf  ■  •  If 

♦  7  (0,1)  ♦  6 

G«  0  . 


<c 
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1.3.2  Theorem.  1C.  „(A)  -v  _  Cu  (A)  for  A  c  H  . 

~  -  -  -  n « p  n  t P 

Proof.  Let  *  {$  «  H:  on  A}  »  so  Is  closed  under  composi¬ 

tion  with  f€  N*  *  {ft  N:  f(1)  *  1}  . 


(1.3.3) 


.  1 


U*  t  L  (IR)  . 


since  f  y*(t)  dt  s  f  du  ■  [  |D$fp  dv  ,  which  Is  finite  since 
J 1R  ♦  JjR  *  J 

<p  e  wJ*p(v,M)  .  Given  f  e  N*  ,  let  g  *  f'  ;  so  J  g(t)  dt  *  1  and 

|  9P  du*  «  |  gp(<j>)  |D<j>|p  dv  .  Use  (1.3.1)  and  Lemma  1  with  u*  as  the 

measure  on  IR  ,  a  «  0  ,  b*  1  ,  cr  *  1  ,  and  I  *  1R  ,  to  get 

inf  |  |Df<x}>jpdv  %  p  5J(t)’1/<p*1)  dt)  P  .  Taking  the  Infimum 
over  gives  K^p(A)  <v  p(A)  since  the  function  f(x)  *  x  Is  In 

N*  and  Is  closed  under  composition  with  functions  In  N*  .  ■ 

Let  (M,F,A)  be  a  measure  space  and  W^,p(v,M)  be  a  set  of  real¬ 
valued  F  measurable  functions  closed  under  composition  with  f  «  N'  * 

(f  <  C*:  f  Is  bounded  and  of  one  sign}  and  on  which  |D|  Is  defined 
as  before.  If  H  e  W^*p(v,M)  ,  H  closed  under  composition  with  f  e  N'  , 
1  s  p  <  *  and  A  £  H  ,  then  let 


1nf{|  }Dd>| P  dv:  $  e  H  n  L^x.M)  , 

+  on  A.  J*dX-0}  , 

Inffj  |04>jP  dv:  *  «  H  n  L^X.M)  , 

♦  SO  on  A  ,  |  <P  dX  ■  1}  , 
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The  conventions  (f  )V(P  1J 

KJo K  s;(t) 

p  *  1  ,  Inf  *  «  If  G  s  0  and  jr  a  0  , 
6  u 

—  ^  are  used. 

5J(t) 


♦  c  H  ,  $  s  0  on  A}  . 


dtj  * 


Inf 


C(t) 


(0,«)  Ap({<**t)) 


r  a  0  for  the  ratio 

co 


if 


All  of  the  expressions  above  are  comparable  (equal  if  d*l)  ,  ex¬ 
cept  for  one  pathological  case,  this  being  if 

(1.3.4)  3$cH,<M0  on  A  such  that  A({$*t})  *  ®  for  some  t>0  . 

It  is  clear  that  this  is  Impossible  if  A(M)  <  »  .  In  applications 
A(M)  Is  typically  equal  to  one. 

1.3.5  Theorem. 


(1.3.6)  V.pW  >  WA) 

If  (1.3.4)  does  not  hold, 

(1.3.7)  C„fp(A)  ^  C«fp(A) 

If  A(M)  -  1  , 

(1.3.8)  If  (1.3.4)  holds,  then  RH(p(A)  »  0  . 


Remark.  Under  fairly  general  circumstances,  It  Is  possible  to  show  that 
another  comparable  expression  is 
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dv(x):  <p  e  H  ,  <p  sO  on  A  , 


(04>1P 

Xp({^(x)}) 


1nf{t:  X({$*t})  «  0}  *  1}  . 


Proof  of  Theorem  1.3,5.  (1.3.8)  follows  from  the  definition  of  L  „  and 

— —  ■  n  *p 

(1.3.3).  (1.3.7)  follows  by  replacing  $  with  l-<fr  and  using  f(x)  » 

1  -x  In  (1.3.1). 


1.3.9.  It  can  be  assumed  that  there  exists  a  <p  *  H  with  <M0  on  A 

and  X({$>0})  >  0  since  otherwise  p(A)  *  ®  from  its  definition  and 

the  x  *  0  convention,  and  tu  „(A)  »  •  using  the  convention  inf  =  ® 

0  h.P  G 

If  6*0,  since  It  would  be  true  that  J  $  dX  s  0  . 

1.3.10.  In  addition  to  1.3.9,  assume  that  (1.3.4)  does  not  hold. 

Given  f  c  K  with  |  ^  0  on  A  and  b  *  i nf { t  e  [0,«): 

Xl(*it})  *0}  (b»«  possible),  then  b>0  by  1.3.9,  and  0  <  X({<j>  z.  t) )  <® 

dp£ 

by  1.3.10.  If  do'  *  — -  then  v'(K)<®  and  0  <  C.  s  X ({<fr*t) )  s 

Xp((9at})  *  k 

C£  <  «•  for  some  If  Kc.(0,b)  ,  K  compact  and  t<  K  since 

X(U  it})  Is  monotone  and  y*(F)  <  ®  .  Applying  Lemma  1.3.14  with  I  * 

9 

(0,b)  ,  a*  0  ,  and  o(t)  *  X({$  it})  ,  it  follows  that 


(1.3.11) 


r  r1’"1 


-0  u-10 


«  1nf{[  gp(t)du*(t):  g  «  F  ,  g  *  0  ,  and 
'(O.b)  ♦ 

fb 

I  g(t)  x(Uit>)  dt  -  1} 
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/ 


for  both  F  =  C  (R)  n  L  (R)  and  F  *  C*(0,b)  .  Let 


L  •  {g  «  C°°(  R)  n  L*(R):  g^O, 


£  9(t)  A({$*t})  dt  +  j  g(t)  A({$st})  dt  <  «  ,  and 

£  9(t)  A({^t})  dt  -  |°  g(t)  A({*st})  dt  *  1  . 
fb  , 

Considering  all  g*  =  g{  g{ t)  A({<j>2t})  dt)~  for  g  e  L  and  noticing 

J0 

that  [  g(t)  A({<j>2t})  dt  =  |  g(t)  X({<|>^t} )  dt  2  1  for  gel  by  the 

Jo  Jo 

definition  of  b  and  L  ,  It  follows  that  (1.3.11)  with  F  *  (f"(R)  n  L*(]R) 


Is  no  larger  than 


(1.3.12) 


Inf  f  gp(t)  du*(t)  . 
ad.  J  ♦ 


But  L  contains  F  -  Cg(0,b)  ,  so  the  opposite  Inequality  Is  true,  there¬ 
fore  (1.3.11)  and  (1.3.12)  are  equal. 

ft  f()  »t 

Now  let  f(t)  *  g(s)  ds  using  the  convention  that  J  *  -  J 
so  that  £  g(t)  A({<fet})  dt  -  |°  g(t)  A(4st})  dt  *  j  ffo)  dA  .  This 
holds  because  f ' (t)  A({<j>2t})  dt  ■  f'(t)  A({f(<j>);sf(t)})  dt  since 

f'(t)  ■  0  ,  where  f  Is  not  one  to  one,  and  so  a  change  of  variables  gives 


(t)  AUtet}) 


dt  ■  C 


A({^t})  dt 


»  A({f(<fr)*t})  dt 

*(0) 

-  f  fM  dA 

Tf(*)*0} 

since  f(0)  ■  0  ,  and  then  a  similar  calculation  handles  the  other 


Integral.  It  is  now  clear  that 


Inf 

9P(t)  du*(t) 

gel  J 

1  4 

-  1nf{j 

f'(4)P  |D4|P  dv:  f  «  C* 

.  f*  a  0  , 

f*  bounded,  f(0)  ■  0  , 

f (♦)  c  ^(X.M)  . 

and  |  f(4)  dx  -  1}  . 

Finally,  using  (1.3.1)  and  taking  the  Infimum  over  $  c  H  with  4  s  0  on 
A  and  J  4  dX  «  1  ,  It  follows  that  fy^A)  *  p  C^>p(A)  ,  since  H  Is 

closed  under  composition  with  f  of  the  type  described  In  (1.3.13),  one 
of  which  Is  f(x)  *  x  .  ■ 

1.3.14  Lenina.  Suppose  v  Is  a  positive  Borel  measure,  a  :  R  -*■  F  Is 
a  Borel  measurable  function,  a  ,b  <  F  u  {-•»•}  ,  a  <  b  ,  and  I  Is  an 
Interval,  possibly  unbounded,  such  that  v(K)  <  «  and  0  <  s  o(x)  s 

Cj^  <  •  for  K  compact,  x  c  K  and  K  c  (a,b)  £  I  ,  then 

(1.3.15)  Inf  ^  gp(t)  dv(t)  -  (|#  dt) 


where  F  may  be  any  subcollection  of  G  ■  (g:  F  ■*  F:  g  Is  Borel 

fb  „ 

measurable,  g  a  0  ,  ]  g(t)  o(t)  dt  *  1 )  which  contains  G  n  C0(a,b)  . 

v  Is  the  density  of  the  absolutely  continuous  part  of  v  .  The  convention 


1/(P-D 


Inf  %  will  be  used  if  p-1  . 
(«.b)  0 
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Proof.  (1.3.15)  will  first  be  proven  for  dv(t)  «  v(t)  dt  both  with 
F  »  G  and  F  *  G  n  Cg(a,b)  .  Then  Lemma  1.3.16  will  Imply  (1.3.15)  in 
the  general  case  for  F  ■  G  n  C^a.b)  .  It  then  follows  that  (1.3.15)  is 
true  for  all  Intermediate  subcollections  of  G  . 

Assume  dv  *  v(t)  dt  .  Once  (1.3.15)  is  proven  for  F  ®  G  ,  a  smooth¬ 
ing  argument  will  be  given  to  prove  (1.3.15)  for  F  *  G  n  CgU.b)  . 

If  p  *  1  ,  then  for  x  «  (a,b)  let  g  *  xT  (f  o(t)  dt)'1  ,  I  * 

n  in  Ji  n 

n 

[x-r  t  x+^-3  ,  which  is  defined  for  large  n  since  then  I  c  (a,b)  . 
nn  n 

fb 

It  Is  now  seen  that  g  (t)  o(t)  dt  -  1  and 

Ja  n 

jj  gj(t)  dv(t)  *  | '  gp(t)  v(t)  dt 

v(t)  dt)  (2n  f  o(t)  dt)"1 


for  almost  all  x  «  (a,b)  .  Therefore 


In  addition. 


inf  [  gp(t)  dv(t)  s  inf  j  . 
g«G  'I  (a,b) 


I: 


gp(t)  dv(t)  «  gp(t)  v(t)  dt 


*  f"  9p(t)  o(t)  dt  inf  | 
J*  («.b)  0 


•  Inf 
(a.b) 
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If  p  >  1  ,  then  (1.3.15)  will  be  proven  for  o  *  1  ,  In  which  case 
making  the  substitutions  g  *  g'o  and  v  ■  —  and  recalling  that  0  < 
a  <  *  on  (a,b)  ,  It  follows  that  (1.3.15)  holds  for  general  a  . 
Assuming  a  *  1  ,  an  Inequality  In  one  direction  Is  obtained  by 

letting  g  *  X(a  v  ^  (j  v(t)’1^13"1^  dt)  as  long  as 

J[  v(t)-1/(p“1J  dt  <  *  »  otherwise  a  construction  virtually  identical  to 

a 


that  In  the  proof  of  the  first  Hardy  inequality  gives  g  such  that 
fb  ,b 

j  g(t)  dt  *  «  and  j  gp(t)  v(t)  dt  <  «  and  so,  letting  an  * 
max{a  , -n}  ,  bfl  ■  mlnib.n)  , 


and 


so  that 


En  -  (g^n)  n  (an»bn) 


rb  , 

g„  *  9  Xc  (  9  Xf  dt) 

6n  n 


fb 

1. 9" dt 


1  and 


f  9?vdt  s  (f  gpvdt)(f  g  xF  dt) 

Ja  Ja  Ja  n 


-P 


♦  0  as  n  , 


the  same  Inequality  follows. 

The  opposite  Inequality  Is  a  consequence  of  Jensen's  Inequality. 
The  Inf  is  not  Increased  If  only  g  «  G  supported  in  (a,b)  are  con¬ 
sidered.  Given  such  a  g  ,  let  gn  be  as  above. 
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r(p-l) 


([  (v.er1/^)  dt)“ 

*  (f  (v  +  e)"1^*5"1^  g  _1  )  g  dt)  ^ 
'^spt  g,  n  n  / 


jb  gjtv  +  e) 


dt 


by  Jensen’s  inequality  since 


fb 

1 9- dt 


1  . 


Let  e  -*•  0  using  the  monotone  convergence  theorem  on  the  left,  then 

rb  P  -  , 

gH  Xr  vdt  b 

•  J  gpv  dt 


f  < 5  dt '  ^ 


gH  Xc  v  dt 
a  £n 
rb  NP 

9  XE  dtl 
a  cn  ' 


as  well  by  the  monotone  convergence  theorem,  and  so  the  opposite  inequal¬ 
ity  holds  and  therefore  equality  as  well. 

* 

(1.3.15)  will  now  be  proven  for  smooth  g  .  Given  g  «  G  ,  pick 

gn  bounded  and  positive  with  compact  support  in  (a,b)  such  that  9n  f  9 

In  (a,b)  .  Let  5m  be  a  C"  approximate  identity  with  fim  a  0  , 

I  5«.  *  1  »  and  the  diameter  of  the  support  of  <5_  -*•  0  .  Thus  *g„ 
j  m  m  m  n 

has  compact  support  in  (a,b)  for  large  m  and  is  bounded  independent 
of  m  ,  so 

fb  fb 

11®  9«*5«odt  ■  g„o  dt 

iH-Ja  n  "  4  n 

and 

11®  f  (9„*Opvdt  *  f  gp  vdt 
bh-  4  n  m  4  n 

by  the  dominated  convergence  theorem  since  v  is  integrable  on  compact 
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subsets  of  (a,b)  and  a  is  bounded  uniformly  away  from  0,®  on  the 
support  pf  9n*$m  • 

The  monotone  convergence  theorem  now  leads  to 


11m  11m 


j-b  rb 

I.9"*4-  -J. 90 


fb  n  fb  _ 

11m  11m  (g  *5  m)P  v  dt  ■  gpv  dt  . 
ir*®  nr*»  Ja  n  m  Ja 

From  this  can  be  extracted  a  sequence  {fu>  ,  f.  «  g  *  6  such  that 

X  k  nfc  mk 

ffc  e  Cg(a,b)  »  |  f^a  ,  and  J  f£  v  dt  -►  J  gp  v  dt  .  Letting 

_  f  i.  rb  rb 

fk  >  -g — 5 -  ,  it  follows  that  J  ?k  a  dt  ®  1  and  I  f£  vdt 

l  \  ° dt 

rb  _  _ 

gpv  dt  and  1.3.14  is  proven  for  smooth  g  .  I 
Ja 

1.3.16  Lenina.  If  v  Is  as  In  Lemma  1,  then  Inf  J  gpdv  * 

Inf  |  gpv  dt  ,  the  Inf  being  taken  over  G  n  Cg(a,b)  . 


Proof.  Pick  s  a  support  of  the  singular  part  of  v  with  |sj  *  0  and 
0„  open  such  that  scO,  ,  a,b  c  0  .  and  (01  -*>  0  .  Since  0  Is  a 
collection  of  pairwise  disjoint  open  Intervals,  It  Is  easy  to  construct 
Cg(a»b)  functions  (each  ■  1  off  of  a  finite  number  of  the 

Intervals)  such  that  -*■  X(a>b).o  everywhere  on  (a,b)  with  0  s 

♦n>i  s  ^  »  an<*  1  on  (*»b)  -On  .  It  then  follows  for  g  «  G  n 

CjJ(a,b)  that 
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and 


so 


and 


jiJ (g  ♦»,/  dv  ■  1 9”  x(j.b>-on  dv 

■  f  gp  v  dt 

<>(a,b)-On 


11m  [  g  4  .  odt  =  [  gcrdt 

1-**»  Ja  n>1  j(a,b)-on 


11m  lim  [  (g  d>  .)pdv  =  [  gp  vdt 

n-*»  i-x*>  J  n*1  Ja 


11m  11m  f  g  4  .  dt  s  [  g  dt  *  1  . 
fr+ca  f-M9  J  °»1 


9 


From  this  extract  a  sequence  g^ 


g  * 


"k^k 


g  ♦  .  a  dt 

"k^k 


so  that  gk  e 


6  n  Cg(a,b)  and 

11m  |  g£  dv  ■  |  gp  v  dt  , 
and  the  result  Is  proven.  I 
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CHAPTER  2 


The  results  of  Chapter  2  form  the  foundation  on  which  Chapter  3  is 
built.  For  the  most  part  they  involve  weighted  analogues  of  important 
basic  tools  used  in  the  study  of  partial  differential  equations. 

In  Section  2.1.0  the  weights  for  several  Sobolev  inequalities  are 
characterized  In  a  very  general  setting.  Section  2.2.0  develops  the  theory 
of  weighted  Sobolev  spaces,  weighted  capacity,  and  weighted  Sobolev  in¬ 
equalities  in  a  setting  appropriate  for  the  application  to  differential 
equations.  An  example  is  developed  In  which  Sobolev  inequalities  are 
proven  having  weights  of  the  form  dista(x,K)  for  a  class  of  sets  K  in¬ 
cluding  unions  of  manifolds  of  co-dimension  _>  2 .  In  section  2.3.0 
a  result  on  "reverse  Holder"  inequalities  is  developed  which  implies 
higher  integrability  for  functions  satisfying  a  maximal  function 
inequality. 

2.1.0  Weighted  Sobolev  Inequalities 

Conditions  equivalent  to  two  types  of  Sobolev  inequalities 
are  developed  involving  the  dominance  of  measure  by  "capacity". 

It  should  be  noted  that  V.G.  Mazya  [MA2]  has  proved  2.1.7  for 
v  ■  lebesgue  measure  and  M  -  R  d  and  D.R.  Adams  [Al-31  has  done 
the  same  for  higher  order  inequalities  (as  well  as  two-weighted 
inequalities  for  potentials).  He  has  also  shown  that  2.1.9,  in 
the  special  case  described  above,  is  needed  only  for  K  which  are 
balls.  After  having  discussed  my  results  on  Sobolev  inequalities 
with  me,  Adams  found  an  alternative  proof  for  2.1.7  and  some 
cases  of  2.1.20  using  strong  type  capacitary  estimates,  the 
study  of  which  was  initiated  by  V.G.  Mazya  [MAI]. 

Let  (M,F,u)  and  (M,G,v)  be  measure  spaces  with  o>,v  positive. 
Let  wJ*P(w,v,M)  be  a  set  of  real-valued  F  measurable  functions 
satisfying  the  following  properties. 
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2.1.1.  Wq *P(cj«v »M)  is  closed  under  composition  with  f  «  N  *  {fe  C“(]R): 
f(0)  =  0  ,  f*  is  bounded  and  of  one  sign}  . 

There  is  a  map  |D|  such  that  |D|:  Wq,p(o>,v,M)  ■»  Lp(v,M)  and 


(2.1.2) 


d_1(|  |Df  o <j»|P  dv)1/p  s  (j  If*  (d>)iP  |D4|P  dv)1/p 

s  d  (j  | Df  *  $1 P  dv)1/p 


for  some  fixed  d  >  0  ,  where  the  notation  |D<j>|  *  |D|<j>  is  used. 

The  symbol  JD|  is  only  meant  to  suggest  the  absolute  value  of  the 
gradient  on  the  classical  W^’p  space.  It  should  be  noted  that  |D| 
need  not  be  subl inear.  Special  cases  of  Wq’p(ui,v,M)  are  developed  in 
Section  2.2.0. 

Given  <t»  «  Wg’p(w,v,M)  ,  let  y^  be  the  finite  measure  defined  by 

du.  *  |D4>|P  dv  .  y*  will  be  the  distribution  measure  of  <j>  with  respect 

9  9  -l  r  ■ 

to  y^  ,  that  Is,  v*[ E)  *  u(<J>”  (E))  so  that  J  g(t)  dyj(t)  * 

|  g(4>)  dy^  for  all  Bore!  measurable  g  .  Also  let  y*  be  the  density 
of  the  absolutely  continuous  part  of  yj  .  p *  will  always  represent  the 
exponent  conjugate  to  p  ,  that  is,  + jp  =1  .  The  proofs  of  the  fol¬ 
lowing  theorems  will  be  deferred  till  later. 

2.1.3  Theorem.  If  1  s  p  s  q  <  »  and  e  Wq,p(w,v,M)  ,  then 

(2.1.4)  (j  |u|q  dw)1/q  s  c(j  j  Du  I p  dv)VP 
for  some  c > 0  and  all  u  ■  f  •  4  ,  f  «  N  ,  iff 

(2.1.5)  sup  J/q(£*1)  if  u*(tf1/(p_1)  dt|1/P  »b<-. 

m  r  Wo  ♦  I 
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The  convention  j  g  ■  -  J  g  Is  used  for  t  <  s  .  If  c  Is  chosen  as 
small  as  possible,  then  d  'bsc^  d  p^q  p'  ^p  b  . 

2.1.6  Remark.  Under  fairly  general  circumstances  the  co-area  formula  [F2]  can 
be  used  to  give  an  expllclte  expression  for  ii*  .  The  following  is  a  very 
special  case. 

Suppose  M  *  ft  c  ]Rn  ,  ft  open,  |D$j  -  |V*|  ,  v  is  absolutely  con¬ 
tinuous  with  density  v  ,  an  Integrable  Borel  function  and  $  «  C^(ft)  . 


for  all  positive  Borel  functions  t|i  supported  in  ft  so  letting  \|>  ■ 
IV^I^vx  i  .  It  follows  that  u*(t)  *  [  vdHn_1  a.e. 

This  can  be  generalized  to  allow  M  to  be  a  "manifold"  In  a  weak  measure- 
theoretic  sense  and  $  to  be  "Sobolev". 

If  Hs.wJ’P(w»v  ,M)  and  H  Is  closed  under  composition  with  f  «  N  , 
then  for  AcM  let  <^p(A)  »  1nf{J  |D*|P  dv:  *  c  H  ,  *zl  on  A}. 

2,1.7  Theorem.  If  1  s  p  s  q  <  ~  ,  then 

(2.1.8)  (j  Jujq  du»)1/q  s  c  (|  |Du|p  dv)1/p 

for  some  c  >  0  and  all  u  c  H 
Iff 

(2.1.9)  «1/q(A)  -  b  cJ'p(A) 

for  some  b  >  0  ,  and  for  all  sets  A  •  { |>  £.!),♦  e  H,  r  f  0, 


If  both  c  ,  b  are  chosen  as  small  as  possible,  then  d* 
dV/q  p',/p'b . 


b  s  c  & 


2.1.10  Remark.  Although  it  seems  in  most  cases  that  the  use  of  the  capacity 
Cu  „  Is  more  practical,  there  are  specific  cases  when  the  equivalent  expres- 

ff  *P 

sion  Ku  „  described  in  Section  1.3.0  is  more  easily  calculated.  This  oc- 

H,p 

curs,  for  instance,  when  the  level  sets  of  the  Sobolev  functions  considered 
are  of  a  fixed  geometry  or  if  they  display  certain  symmetries.  It  is  neces¬ 
sary  In  these  cases  to  use  the  co-area  formula,  as  described  in  2.1.6,  to 

calculate  y*  . 

<P 

Let  (M,F,X)  be  a  measure  space  with  X  positive,  and  let  W1,p(u,v,M) 
be  a  set  of  real-valued  F  measurable  functions  satisfying  the  following. 

2.1.11.  W1  *P(o>,v,M)  is  closed  under  composition  with  f  e  N*  *  {f  e  C*(F): 
f  Is  bounded  and  of  one  sign}  ,  and  there  is  a  map  |D|:  W1*p(w,v,M) 

Lp(v,M)  such  that  (2.1.2)  holds. 

2.1.12  Theorem.  If  1  s  p  s  q<»  and  <p  e  Vp *p(w,v,M)  ,  then 

(2.1.13)  (J  (j  |u(x)  -  u(y)J  dX(y))q  dw(x))  **  s  (|  |Du|p  dv) 
for  some  c-j  >  0  and  all  u  ■  f  •$  ,  f  «  N*  Iff 

(2.1.14)  sup  w1/q(4tfr)(J~  ^  ^  dt)  ?  *  b1  <  -  . 

If  X(M)  «  1  ,  u(M)  <  -  ,  and  <p  e  L^X.M)  ,  then 

(2.1.15)  (  j  |u(x)  -  |  u(y)dX(y)|q  du(x))  *  s  c2(J  |Du|p  dv) 
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for  some  c2  >  0  and  all  u  ■  f «,  ,  f  «  N‘  Iff  (2.1.14)  holds. 

The  conventions  0  ••  ■  0  and.  for  Xp/ii*  ,  ^  *  0  ,  ^  *  0  are 
used.  If  the  are  chosen  as  small  as  possible,  then  d'1  b1  s  c^  s 
c1  s  2d  p^q  p'^p  b-j  . 

If  H  c  W1,p(w,v,M)  and  H  Is  closed  under  composition  with  f  <  N* 
then  for  A  £  M  let 

CHtp(A)  «  1nf{|  ] 04> | p  dv:  <J»  £  H  n  L^X.K)  , 

,  2 1  on  A  and  J  $  dX  «  0}  , 


CA#p(A)  -  1nf{|  |0, |p  dv:  ,  c  H  n  L^X.M)  , 
,s0  on  A  and  J  ,  dX  *  1}  . 

In  Theorem  2.1.17  it  will  be  assumed  that 


(2.1.16) 


if  ,  c  H  ,  then  A({,*t})  <  ®  for  t  >  0  . 


If  this  Is  not  the  case,  then  the  theorem  still  holds  but  Cu  _  and 

p  must  be  replaced  by  the  set  function  p  defined  in  Section  1.3.0. 

2.1.17  Theorem.  If  1  s  p  s  q  <  *  and  (2.1.16)  holds,  then 

t*-1-1*)  (1  <1  Ju(x)  - u(y)J  dX(y))q  dw(x))  **  s  Cj(J  |Du|p  dv) 

for  some  c^  >  0  and  all  u  «  H 


(2.1.19) 


J/q(A)  s  b,  C'J'P(A) 


for  some  >  0  and  all  sets  A  ■  ($s0)  ,  ♦  €  H  . 

If  A(M)  =  1  ,  w(M)  <  •  and  H  £  lV.M)  ,  then 

(2.1.20)  (j  |u(x)  -  |  u(y)  dA(y)|q  du(x))  s  c2(j  I  Du  j p  dv) 

for  some  c2  >  0  and  all  u  e  H 
Iff 

(2.1.21)  w1/q(A)  s  b2  CHYpp(A) 

for  some  b2  >  0  and  all  sets  A  *  {$*0}  ,  $  e  H  , 

Iff  (2.1.19)  holds  since  d"p  CH  p(A)  s  C^p(A)  s  dp  £H>p(A)  . 

If  c^  ,  1  «  1,2  ,  bj  ,  1  =  1,2  are  chosen  as  small  as  possible 
then  d”3bi  s  c^  s  2d3  p^q  p'^p  ,  i  *  1,2  . 

Remark:  2.1.10  is  applicable  to  ^  p  »  ^  p  »  and  ^p  as  wel1  as 
'Sf.p  and  CH,p  * 

Theorem  2.1.22  Is  an  example  of  how  the  conditions  in 
Theorems  2.1.7  and  2.1.17  can  be  put  into  a  more  computable  form  when 
p  -  1  .  .  — 

2.1.22  Theorem.  Let  H  3  C^(n)  ,  where  0  c  lRn  is  open,  and  let  v 
absolutely  continuous  with  density  v  e  L*(n)  . 

If  p  *  1  ,  then  condition  (2.1,9)  Is  equivalent  to 

(2.1.23)  «1/q(A)  &  c  llmlnf  if  vdx 

**• 

for  some  c  >  0  ,  all  A  compact  with  C*  boundary  and  *  (x*A: 
dist(x,A)  s  6}  . 


be 


-54- 


If  V 
(2.1.24) 


Is  continuous,  then  this  reduces  to 


«^{A)  s  c 


v  dH 


n-1 


t 


or.  In  a  more  suggestive  notation. 


W>)  *cVl(3A)  . 

If  H  *  C*(fl')|fl  ,  ft'  open  and  S  c  ft'  ,  then  for  p  *  1  condition 
(2.1.19)  is  equivalent  to 

(2.1.25)  u1/q(A)  X(n-A)  s  c  llmlnf  ]■  f  v dx 

*-  5  <5 

for  some  c  >  0  and  all  A  ,  closed  relative  to  fl ,  which  extend  to  com¬ 
pact  sets  with  C“  boundary  In  fl'  . 

If  v  Is  continuous,  then  this  becomes 


(2.1.26)  ui1/q(A)  Mfl-  A)  s  c  [  v  dHn-1  . 

^Anfl 

The  proof  of  Theorem  2.1.22  will  rely  on  the  following  proposition. 


2,1.27  Proposition.  If  $  €  Cq(a)  ,  n  c  Rn  Is  open,  t  «  R  Is  such 
that  (♦•t)  n  {v$*0}  *  0  ,  and  If  u>  Is  continuous,  then 


11m  i  f  u  dx  ■  f  ai  dHn-1 
*•>«  0  IC.(t)  '{4>»t} 


where  Cfi(t) 


{x  c  {$st}:  d1st(x  ,  {<p-t>)  s  5}  .. 

If  4  c  Cq(si)  and  o>  Is  an  Integrabte  Borel  measurable  function,  then 


llrolnf  if  oi  dx  s  [  o>  dHn-^ 

Jc6(t)  J(4»-t> 


for  almost  all  tc  X  . 


Proof  of  Theorem  2.1.3.  Assume  (2.1.4)  holds.  Let  <*»*( E)  *  u>U”  (E))  for 
- - 

E  c  F  so  that  for  all  f  c  N  and  u  a  f  •  <p  • 


(2.1.28) 


since  f (0)  *  0  and  the  convention 


(2.1.29) 


(j|u|qdu)  q*(j  du>*(t))  1/q 

*(L  IJo,,(s)  H"  W 

snd  the  convention  J  =  -j  is  used.  Also, 
(j  | Du | p  dv)  s  d  (j  | -f '  (♦)  I P  1  Dd>] p  dv^ 


Letting  g  *  | f * |  and  recalling  that  f'  does  not  change  sign,  it  follows 


i  l 

f  I 


(2.1.30)  |J^  g(s)  ds|q  duj)/q  s  cd(jT  9P(t)  dyj(t)) 


for  all  bounded  nonnegative  C  functions  g  . 

u*  Is  a  finite  measure  since  |D$|  c  Lp  .  Also  tq  Is  seen  to  be 

A  V 

w*  Integrable  by  letting  g  ■  1  In  (2.1.30).  Taking  uniformly  bounded 

♦ 

polntwlse  limits  of  bounded  nonnegative  C*  functions  g  It  follows  that 
(2.1.30)  holds  for  all  bounded  nonnegative  Borel  measurable  g  .  Taking 
monotone  limits  then  gives  (2.1.30)  for  all  nonnegative  Borel  measurable 
functions  g  .  Using  (2.1.14)  It  follows  that 


sup  w*7/q(Cr,«))(j^  dt)  /P  s  cd 

(2.1.31)  and 

supu,*1/q«-,r])(f°  ;*(t)',/(p-'>  dt)1/P's  cd  . 

v  r<0  ♦  vir  ♦  / 

But  *  ui({<^2r})  and  <*»£(( -“,r]}  *  aj({$sr})  ,  so  considering  the 

sign  of  r  and  using  the  convention  j  =  -  J  ,  it  follows  that 

sup  J/q  (£*1)  If  u*(t)“1/(p’1}  dt]  /P  s  cd  . 

Assume  (2.1.5).  As  above*  (2.1.5)  is  equivalent  to  (2.1.31)  so,  by 
(1.2.15),  (2.1.30)  holds  (with  a  different  constant)  for  all  nonnegative 
Borel  measurable  g  .  Given  f  «  N  ,  let  g  »  jf'|  and  use  (2.1.28), 
part  of  (2.1.29),  and  (2.1.2)  to  get  (2.1.4).  I 

Proof  of  Theorem  2.1.7.  By  Theorem  2.1.3  it  follows  that  d"1  b'  s  c  s 
dp^p’^P  b*  if  c  Is  the  smallest  constant  in  (2.1.8)  and 

b’  «  sup  sup  J/q  ( 1)  If  yj(t)"1/*p”1*  dt  1  ^  . 

4>«H  r«0  r  "0  •  1 

61ven  4  «  H  and  r  «  F  ,  r  t  0  ,  let  f(t)  «  ~  so  f  «  N  . 

a  b  will  be  used  to  mean  that  ac"1  s  b  s  ac  .  y£0^(E)  ■ 

*♦  «£))■[  | Df  •  ♦  1 p  dv  <\dD  Jr|"p  f  |W|P  du  * 

'♦«rE  v  VerE 

lrrPwJ(rE)  ,  so  £  5fo0(t)dt  |r|’p  CJ(s)  ds  . 


Divide  by 

5f.*(t)  V 


| E |  and  differentiate  using  Lebesgue's  theorem  to  get  that 
|r|1"p  Sj(rt)  a.e.  A  change  of  variable  now  gives 


» If 


-v(p-D  dt! 


i/p' 


\  -vV(*)*D(f  s;u)(t)-1/(p-1)  dt)1/p 

so  that 

b  sup  J/q({**l»(£  ii*(t)“1/,^p"1  ^  dt) 


since  f  e  N  .  Using  the  0-«  *  0  convention,  it  Is  clear  that  b' 
b"  If  b"  Is  the  smallest  possible  constant  In  the  inequality 

rVp' 


o»1/q(A)  s  b"  1nf{(^  vj(t)*1/(p"1)  dt)" 


:  $  «s  1  on  A  and  <p  eH} 


considered  for  all  sets  A  ■  (i^  1  >  where  \p  is  a  function 
in  H.  Using  Theorem  1.3.2  it  then  follows  that  (2.1.8)  and  (2.1.91 
are  equivalent  and  d“3  b  s  c  s  d3p^q  p'^p  b  for  b  ,  c  chosen  as  small 
as  possible.  I 


Proof  of  Theorem  2.1.12.  As  In  Theorem  2.1.3,  (2.1.13)  reduces  to 
(2*1.32)  (£  (£  |f  9(0)  *>|  dxj(s))q  <k.;(t))Vq 

1  «.‘(JL sP(t)  d,,i(t))1/p 
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with  g  ■  1  f '  |  and  X*  defined  as  X*(E)  ■  X($”\e))  for  E  <=  1R  . 

Also,  as  In  the  proof  of  Theorem  2.1.3,  the  function  |t-s|  has  the 
necessary  Integrablllty  properties  to  allow  the  taking  of  limits,  thus 
giving  (2.1.32)  for  all  nonnegative  Borel  measurable  g  .  Using  (1.2.23) 
and  arguing  as  In  Theorem  2.1.3  It  Is  seen  that  (2.1.13)  Is  equivalent 
to 


It  Is  easy  to  see  that  this  is  just  (2.1.14). 

If  X(M)  «  1  ,  w(M)  <  *  and  <fr  «  L*(X,M)  ,  then  (2.1.15)  reduces  to 

(2-,-33)  (ll  Of 9  *  s(t,)1/q 

,c2d(f  gp(t)  dyj(t))  P. 

The  finiteness  of  X  ,  w  Implies  that  of  X*  and  u*  so  that  taking 
limits  of  C*  functions  of  compact  support  it  Is  seen  that  (2.1.33)  holds 
for  all  bounded  Borel  measurable  g  of  compact  support.  Using  (1.2.24) 
and  continuing  as  above,  the  equivalence  of  (2.1.14),  (2.1.15)  Is  proven.  I 


Proof  of  Theorem  2.1.17.  By  Theorem  2.1.12,  it  follows  that  d"1  b  s  s 
2d  p^q  p'^p  b  if  c.j  is  the  smallest  constant  in  (2.1.18)  and 


b 


»  sup  sup  J/q 
r 


({*sr}) 


1/(P-1) 


since  f  £  N*  if  f(t)  »  -t  . 


Given  $  €  H  ,  r  e  R 
y^({<p  «  E+r} )  *  u^(($-r£E}) 


,  let 

a. 

dP 


f(t)  =  t-r  so  f  c  N'  and  uJ(E  +  r)  = 
uJ_r(E)  ,  and  therefore,  by  differentiation. 


a.e.  . 


(Recall  y*  is  a  finite  measure  so  ii?  is  Lebesgue  integrable.)  A  change 

<P  9 

of  variables  now  gives 


<o^q($sr)l 


(rfgutzsn. 

Vr\  5i(t) 


J/(P-1)  NW 


i/(p-i)‘  \i/P' 


*>1/q({f(4>)s0)/ f  ( dt) 

d  VJ0\  55rA%(t)  I  J 


?(♦><*> 

1/(P-1)  \1/P' 


and  so  sup 


P'  dt 


'd  b  • 


Using  the  O**  *  0  convention,  it  is  clear  that  b  ^  b‘  if  b’ 
is  the  smallest  constant  possible  in  the  Inequality 


»1/q(A)  s  b'  Inf 


ter  -r 


:  ♦sO  on  A  ,  ♦  e  H 


considered  for  all  sets  A  -  {<k0>  where  \|>  is  a  function  in 
H.  Noting  (2.1.16)  and  using  Theorem  1.3.5,  It  now  follows  that 
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(2.1.18)  and  (2.1.19)  are  equivalent  and  d“3  b-j  s  s  2d3  p1^  p'1,/p  bj 
if  b-|  and  are  chosen  as  small  as  possible.^  The  equivalence  of 
(2.1.20)  and  (2.1.21)  follows  in  a  virtually  identical  manner.  | 

Proof  of  Proposition  2.1.27.  If  U*t)  n  {|V^|  *0}  *  0  ,  then  |V$|  i  5 
0  on  ($*t)  for  some  5>0  since  <J>  has  compact  support,  so  Mt  * 
(♦■t)  Is  an  oriented  compact  n-1  dimensional  manifold.  If  f$(x)  * 
x  +  nxs  ,  where  nx  is  the  unit  normal  to  {$  ■  t)  at  x  directed  into 
(4  st)  ,  then  3  d>0  such  that  if  Osssd  ,  then  f$  :  Mt  -►  f$(Mt)  is 
a  diffeomorphism  and  |J$[  -*■  1  as  s  *►  0  ,  where  J$  is  the  Jacobian 
of  the  transformation. 

If  4  s  d  and  ip  Is  continuous,  then 

f  x|»  dHn  -  f  i|>  dHn~1| 

Jcfi(t)  '{«>«t}  1 

f*  f  xp(x)  dHn-1  ds  -  f  i|>  dHn_1 1 

4)  h s  ({$-t})  1 

from  the  co-area  formula  and  the 
fact  that  the  gradient  of  the 
distance  function  has  absolute 
value  one  a.e.  on  C(4) 

s  e  f  dH”"1  If  i  s  4g  for  some  Sc  since 

|Js|  1  and  t|>  is  continuous. 


Therefore  the  first  statement  of  the  proposition  is  proven  with  *  a  . 

If  4  e  CQn(fl)  and  B  ■  {t:  {<j>*t}  n  {|V<f>|  *0}  t  0}  ,  then  the  Morse- 
Sard  theorem  says  that  ]B]  -  0  .  B  is  closed  since  <t>  has  compact  sup¬ 
port  so  1R-  B  *  U  I<  »  I*  being  pairwise  disjoint  open  intervals. 

1  -1 

Given  [tg,^]  c  I.  ,  then  |V<J>|  2  5  >  0  on  $  ([tg.tj])  .  If  is 

defined  essentially  the  same  as  before,  then  f$:  <fr_1(tg»t.j)  -*■  f$ ((p”1  ( tQ » t^ )) 
is  a  diffeomorphism  for  all  sufficiently  small  s  ,  say  s  s  d  for  some 
d  . 

If  $  is  an  integrable  Bore!  function,  then 


s  C  J  dHn 


with  C  Independent  of  tQ  ,  t-j  if  tQ  ,  t^  «  [a,b]  =  1^  for  fixed  a  ,b  . 

Given  e  >  0  ,  pick  5  continuous  such  that  J  |co  - <o|  <  e  and  pick 
6>0,  $  »  as  In  the  first  part  of  the  proof.  Then, 


I 


a)  dH  dt 


to  Vt} 


a)  dH  1  dt 


'tQ 


\  5  Jc6(t) 


if  «  dHn  dt  -  w  dH0*1  dt 


tQ 


ft-. 

I 

't„  JC 


fc0  V° 


(w-  a»)dHndt  -  (aj-<u)dHn  1  dt 


,t 

(  dHn-1  dt  +  C  ) 

Jt„  J{4»-t} 


s  c(|  |V+|  *  C)  . 


■t,  .  p  ’ 

llmlnf  i  «  dHn  s  11m  ^  « 

tQ  *°  fyt)  jtQ  JC5(t) 


0)  dH”  dt 


a)  dHn  dt  . 


JtQ  K4»-t) 


Now  divide  by  ytg  and  let  t,  -  tQ  to  get  the  final  result.  ■ 


Proof  of  Theorem  2.1.22.  Assume  (2.1.23)*  that  Is, 

J/q(K)  s  c  llmlnf  if  v  dx 


for  all  K  compact  with  C*  boundary. 

Take  v  to  be  a  representative  of  the  L'  equivalence  class  which 

is  Borel  measurable  and  everywhere  defined.  Let  A  »  {^  >  1}  for 


some  ip  e  Cq(A)  .  Given  4>  e  Cg(Ji)  such  that  $  i  1  on  A  ,  it  follows 
by  the  Morse-Sard  theorem  that  {$  « t)  n  { | V<|> j  =0}  =  0  for  almost  all 
t  e  1R  for  which  it  then  follows  that  (<J>  3  t}  is  compact  with  C° 
boundary,  so 

<u1/q(A)  *  a1/q({$2l})  ^  J/q({*at})  for  Ostsl 

s  c  liminf  v  f  v  dx  a.e., 

5-*0  6  'Cg(t) 

where  Cg(t)  *  {x  «  {<})St}:  dist(x ,{<f>=t})  <<S}  ,  by  talcing  K  -  {<p  - 1)  for 
those  t  in  (0,1)  where  *  t)  n  {|V<J>j  =0}  =0  . 

It  now  follows  that 

o)^q(A)  s  inf  liminf  if  v  dx 

(0,1)  fr*0  6  Jc6(t) 

s  inf  [  v  dx  by  Proposition  2.1.27 

(0,1)  '{*3t} 

-  inf  ii* 

(0,1)  ♦ 

considering  the  remark  given  after  Theorem  2.1.3.  Using  Theorem  1.3.2  now 
shows  that  (2.1.9)  holds  for  p  3  1  . 

Assume  (2.1.9)  so  that 

(2.1.34)  (j  4q  dco)1/q  sc  j  |V*|  v  dx 

for  all  4  e  C“(fl)  .  Given  A  compact  with  C*  boundary,  3  e*  >  0  such 
that  i|>{x)  «  dist(x.A)  is  C*  for  xe  (0  <d1st(x,A)  <e*}  with 
|7*(x)l  •  1  .  Let 
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f6(x) 


1  on  A  , 

0  -^)  If  *  <  «  ,  x  i  A  , 
0  otherwise. 


and  let  .  *  h„  *  f.  ,  where  h  (x)  ■  2  n  h(2n)  ,  h  e  C(1R)  ,  h  2  0  , 

f  h  *  1  .and  the  support  of  h  *  spt  h  £  [-1,1]  .  If  a  «  Cg(ft)  with 

oil  on  a  neighborhood  of  A  ,  n  is  large  and  5  small,  then  o 

dominates  the  *  .  .  (2.1.34)  then  implies  that  o  e  L1(u,n)  since 
n  »o 

v  e  l'(a)  ,  so  the  dominated  convergence  theorem  can  be  used  on  (2.1.34) 
to  show  that  fq  dco)  s  c  j  v  dx  .  Taking  the  liminf  gives 
(2.1.23). 

To  prove  (2.1.25)  equivalent  to  (2.1.19),  first  extend  v  ,  to  ,  X 
to  be  zero  in  fi'  -fi  and  do  all  further  work  in  Q'  .  Assume  (2.1.25)  so 


(2.1.35) 


o»1/q(A)  X(n'-A)  s  c  liminf  f  v  dx 


for  all  A  £  ft'  ,  A  compact  with  C  boundary. 

Let  K  ■  (xcB:  \{/(x)  so)  for  some  e  C“*(n* ) I  .  Given  <p  6  C(n')| 

'fl  u  'fl 

such  that  ♦  s  0  oh  K  ,  let  ^  *  a  ^  ,  where  is  an  extension  of 
♦  to  fl*  and  0  e  Cq(Q')  ,  0  ■  1  on  fl  .  By  the  Morse-Sard  theorem 
{♦j  *t}  n  (jV^I  »0)  *  0  for  almost  all  t  ,  and  so  st)  Is  a  compact 
set  with  C*  boundary  for  almost  all  t  ,  but  then 


«1/q(K)  s  »1/q(C«1  sO})  s  co1/q(41  a)  for  0  s  t  <« 


£ 


11ml  nf 
6-*0 


H 


c,(t) 


v  dx 


x(41  >t}) 


a.e,  by  (2.1.35)  ,  where  the 
convention  ^  B  ~  -  «  is 
used  for  this  ratio. 


limlnf  j 
5-0  6 


H 


CM 


v  dx 


irr^Ttir 


3  #6  *  > 


since  X({<|>j2t})  ,  being  monotone,  has  at  most  a  countable  number  of  dis¬ 
continuities  and  therefore  X((4>j  *t})  *  0  a.e. 


It  now  follows  that 


«1/q(K) 


Inf 

(0,-) 


limlnf 

6-0 


it 


v  dx 


XU,,  it)) 


f  5  <#)"■' 

s  Inf  — r-rr-— — -  by  Proposition  2.1.27 

(0,«)  xu^atjj 


-  Inf 
(0,») 


vj(t) 

X((d  i  t)) 


since  v  and  X  are  zero  in  n'-fl  and  *  ♦  .  Using  Theorem  1.3.5 
It  can  be  seen  that  (2.1.19)  is  verified. 

Assume  (2.1.19),  so  for  $  e  C°° (n* ) it  follows  that 

( j  (J  (.(x)  -<*(y)(  <*X(y))q  <fcs(y))  ^  s  c  j  |7<*|  v  dx  . 


(2.1.36) 


Given  A  c  n'  with  C*  boundary,  let  <a  .  be  as  before,  recalling 
**  n  |0 

that  the  diameter  of  spt  hn  «  ^  .  Let  Fr  ■  {xcfl*:  dist(x.aA)  s  «  +1} . 

Then  ♦  .  «  0  on  n‘  -  A  -  F_  and  4  .  i  1  -  4  on  A  for  1*5  since 

n§©  n  n«o  no  n 

f 4  i  1  •  on  {xeft':  d1st(x,3A)  s  1/n)  ,  and  so  6n  *  ffi  a 
(1  -  -jjj)  |  hn  »  1  -  .  From  (2.1.36)  It  follows  that 

«Vq(A)  X(G'  -A-Fn)(l  -  ^) 

*  (1  (JLa-F  Un.«(x)'*n.«(,)l  <^><>‘))Vq 

n 

1  «  |  5  d*  • 

Let  n  -*■  *  to  get 


and  taking  the  Hmlnf  gives  (2.1.25),  as  required. 

6-K) 

In  case  v  Is  continuous  (2.1.24)  and  (2.1.26)  can  be  shown  equivalent 

to  (2.1.9)  and  (2.1.19),  respectively,  by  going  through  the  proof  above, 

usrlng  the  first  part  of  Proposition  2.1.27  and  replacing  limi nf  by  lim  . 

5-K)  5-H) 

Alternately,  (2.1.24)  and  (2.1.26)  may  be  shown  equivalent  by  using  directly 
the  methods  of  Proposition  1.  | 
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2.2.0  Properties  of  Sobolev  Spaces  and  Capacities  for  Application  to 
D1 fferential  Equations 

The  Sobolev  spaces  and”capacitieS’ dealt  with  in  Sections  1.3.0  and 
2.1.0  will  now  be  placed  in  a  setting  appropriate  for  the  applications  to 
differential  equations  developed  in  Chapter  3. 

Basic  properties  of  the  capacity  CH  p  and  its  extremals  are  developed 
such  as  subadditivity  and  capacitability.  It  is  shown  that  Sobolev  spaces 
are  closed  under  operations  such  as  composition  with  certain  Lipshitz 
functions.  The  weight  conditions  for  Sobolev  inequalities  developed  in 
Section  2.1.0  are  translated  into  the  setting  of  Euclidean  space  and  an 
example  is  given,  where  it  is  shown  that  weights  of  the  form  dist°(x,K)  are 
admissible,  for  a  class  of  sets  K  including  unions  of  C  compact  manifolds 
of  codimension  ^  2.  The  notion  of  quasicontinuity  is  developed  and  ap¬ 
plied  to  prove  a  weighted  analogue  of  a  result  of  Bagby  [BG]  which  char¬ 
acterizes  Wg,p(n)  .  This  in  turn  is  used  to  demonstrate  the  equivalence 
of  two  approaches  to  the  definition  of  weak  boundary  values  for  the  Dirichlet 
problem.  Many  of  these  results  are  true  in  a  more  general  setting. 

Throughout  Section  2.2.0  fl  will  be  an  open  subset  of  lRd  ,  pzl  , 
and  u  ,  v  ,  and  X  will  be  locally  finite  positive  Borel  measures  on 
Q  with  v  absolutely  continuous  to  u  and  X(fl)  ■  1  . 

2.2.1 .  Sobolev  Spaces.  Let  LP(E)  *  Lp(a>,E)  x  n  Lp(v,E)  for  E  c  n  , 

1-1 

E  Borel  measurable.  Assign  LP(E)  the  norm  |(f,g^,  •  ••  *9^)^ .g  * 
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Let  ifoc(fl)  *  {(f.g-|»  —  .9d):  9d)|K  *  LP00  for  all 

Kcfl  ,  K  compact}  .  LPocfo)  Is  given  the  topology  induced  by  the 

seminorms  |  }  K  ,  Kc  jj  compact.  v/*  ,p(w,v,n)  is  now  defined  as  the 

closure  of  H  ■»  {($,7$):  ^  e  C*(il)  n  Lp(oj,n)  and  7$  «  II  LP(v,ft)}  in 

1C®  1 

LP(0)  *»  wj,p(a>,v,fl)  as  the  closure  of  H  n  C^(fl)  x  ?  C^(n)  in  Lp(n)  ; 
and  w]’p(n)  as  the  closure  of  H  in  LP0C(n)  • 

Given  (u,v)  €  »  the  station  v  ■  7u  ,  u  e  a) 

and  l(u,v)|  _  *  JuJ,  will  be  used  for  convenience  even  though  this  is 

misleading.  It  is  not  claimed  that  u  has  a  unique  gradient.  In  fact 

Serapioni  has  observed  that  for  some  weighted  Sobolev  spaces*  zero  may 
have  a  nontrivial  gradient  in  the  sense  above  as  well  as  a  zero  gradient. 
Under  fairly  weak  conditions  it  can  be  shown  that  If  (u-j.v)  ,  (u2,v)  e 
Vp*p(w,v,a)  f  then  u-j  *  u2  almost  everywhere.  If  o>(E)  *  0  on  sets  E 
of  capacity  zero,  then  this  will  follow  from  Proposition  7.  For  convenience 
lrf**p(fl)  will  be  used  to  denote  v/*  ,p(<u,v,n)  . 

One  of  the  basic  operations  needed  in  the  theory  of  Sovolev  functions 
is  composition  with  Llpschltz  functions.  The  following  proposition  shows 
that  this  Is  possible  for  a  wide  class  of  Llpschltz  functions.  For  example, 
any  Llpschltz  function  with  at  most  a  countable  number  of  discontinuities 
In  Its  derivative  Is  acceptable.  The  other  basic  operations  considered 
are  needed  In  Chapter  3  to  show  that  certain  functions  are  allowable  as 
test  functions  In  the  definition  of  weak  solution. 

Unless  a  particular  space  is  specified,  all  the  Sobolev  functions 
In  Proposition  2.2.2  will  be  assumed  to  lie  in  one  fixed  Sobolev  space, 
the  three  possible  cases  being  W^p(fl)  ,  W^*p(fl)  ,  and  Wg*p(n)  .  Con¬ 
vergence  is  always  that  appropriate  to  the  particular  space  considered 
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unless  otherwise  Indicated.  It  will  be  assumed  throughout  that  (u,7u)  , 
(un  ,7un)  ,  (v.W)  ,  (vn  »7vn)  are  Sobolev  functions  and  that  f (0)  ■ 
fn(0)  *  0  If  wj,p(fi)  Is  being  considered  or  If  w(8)  =  «  and  W1,p(fl) 
Is  being  considered. 


2.2.2  Proposition.  Assuming  the  above  It  follows  that: 

(2.2.3)  If  f  c  C^(IR)  with  f'  bounded,  and  if  un  £  Oft) 

with  (un  ,vun)  **  (u  ,7u)  ,  then 

(f(u  )  ,f(un  )  7un  )  •►  (f(u)  ,f'(u)  7u) 
m  m  m 

for  some  subsequence  (nm>  . 


(2.2.4)  Suppose  f  :  IR  «*•  IR  Is  uniformly  Lipschitz  and  3  f „  e  C*(]R)  such 
that  fp  converges  everywhere  in  a  uniformly  bounded  pointwise  manner  to  a 
Borel  measurable  function  g  ,  g  *  f*  a.e.,  and  fn(0)  -*■  f(0)  . 

If  (un  iVun)  -*■  (u  ,  7u)  ,  then  there  is  a  sequence  nm  such  that 


<V\>  •  fi(un>  7V>  *  (f  <“>  •  9(u>  7u) 

m  in  m 

and  If  uR  -*>  u  pointwise  everywhere  on  a  set  E  ,  then  fm(un  )  f(u) 
m  m 

pointwise  on  E  as  well. 


(2.2.5)  Let 


ri  x  e E 


x  x  *0 


0  otherwise 


0  x  sO 


X2b 

a  s  x  s  b  , 
xsa 

where  It  is  assumed  that  asOsb  in  the  wj‘p(n)  case  or  In  the  W1,p(ft) 
case  If  «(n)  ■  *  .  The  cases  a  *-•  and  b  *  *  are  included. 

For  each  of  the  pairs  (x+  ,X{x>Q})  ,  (|x|  ,  sign  x)  , 

^ha,b^  *  X(a<x<bP  *  rePresented  as  (f»9)  »  there  is  a  sequence  (fn>  c 

CB 

C  (IR)  such  that  f  ,  (f n>  ,  g  satisfy  the  requirements  of  2.2.4. 
Therefore  it  follows  that  (u+t  X{u>Q}  Vu)  .,  (|u|  ,  sign  u  Vu)  ,  and 

^ha,b^  *  xCa<u<b)  are  Sobolev  functions. 

The  f  may  be  chosen  to  converge  uniformly.  For  f(x)  »  x+  or 
1*1  •  th«  fn  may  be  chosen  such  that  0  s  fn(x)  s  f(x)  and  for  f(x)  * 

h8tb(x)  *  the  fn  may  be  chosen  such  that  a  s  f  s  b  .  If  in  addition 

a  <  0  <  b  ,  then  a  <  fn  <  b  is  possible. 

(2.2.6)  If  f  :  IR  ■*  IR  ,  f  <  C^[a,b]  and  a  <  u  <  b  ,  then  (f(u),f’(u)  Vu) 
Is  Sobolev. 

(2.2.7)  If  u  and  v  are  bounded,  then  (uv  ,v  Vu  +  u  Vv)  Is  Sobolev. 

(2.2.8)  If  u  ,  v  are  bounded,  u  €  wj’p(n)  and  v  e  W1%p(n)  ,  then 

uv  «  wj'p(n)  . 

(2.2.9)  If  u  e  Cq(h)  ,  v  «  w|^p(n)  ,  and  either  v  Is  bounded  or  v  s  cw  , 
then  uv  c  wj*p(n)  . 
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Proof  of  Proposition  2.2.2. 

Throughout  the  proof  It  will  be  assumed  that  E  »  n  if  Wq,p(A) 
or  are  being  considered  and  E  is  an  arbitrary  compact  subset 

of  Q  If  is  being  considered. 

Proof  of  2.2.3.  Since  |  f  *  (x)  |  s  M  for  some  M<*  ,  then  f(x)  s 

M|x|  +  f(o)  ,  so  f(u)  e  lp(w,n)  or  Ljoc(“»fl)  depending  on  the  case 

being  considered.  Also  on  some  subsequence  nm  ,  un  ■+■  u  pointwise 

m 

almost  everywhere  with  respect  to  to  (and  also  v  since  v  is  absolutely 
continuous  to  o»  ),  so 

f  |f'(u„  )  7u„  -  f'(u)  7u|p  dv  s  f  [ f ' (u  )|p  |7u  -7u|p  dv 
'E  nm  nm  JE  "m  "m 

♦f  |f'(nn  )-f'(U)lP  |V«[P  <t« 
JE  m 

-*•  0 


since  |f’(u  )|  s  M  and  | f * (u  )  -  f * (u) |  •*  0  pointwise  almost  every- 
nm  nm 

where  v  in  a  uniformly  bounded  manner.  Also 


|f(un  )  -  f(u)|p  do)  s  Mp  j  |un  -  u|P  dm  0  .  I 
Em  *E  m 


Proof  of  2.2.4.  By  2.2.3,  (f_(u_)  , fi(u_)  7u_)  Is  Sobolev,  also 
-  —  ■■  ■■  m  n  m  n  n 

pointwise  almost  everywhere  w  ,  v  on  some  subsequence  n^  so 


u 


JE  l9(u)  7U  -  vunilp  dv 

f  |g(u)  - r(u)|  |7u|p  dv  +  (  |f;(u)  7u  -  f;(u  )  7u^|p  dv 


and  therefore 


11m  llmsup  f  !g(u)  7u  -  f'(u„  )  7u_  |p  dv  =  0  » 
m*  l+Q  k  m  n1  n1 

the  second  term  converging  to  zero  as  In  2.2.3*  and  the  first  converging 

to  zero  since  f^ -►  g  everywhere  In  a  polntwlse  uniformly  bounded  manner. 

A  subsequence  {rL}  can  now  be  chosen  so  that  f '(u-  )  7u-  -*■  g(u)  7u  in 
m  in  n  n_ 

m  m 

d  n 

n  Lp(v,n)  . 
k»l 

For  x  a  0  , 

|fm(x)-f(x)|  s  |r(s)-g(s)|  ds  +  |fm(oX-f(o)| 
s  H|x|  +  |fm(o) -f(o)| 

for  some  M  <  •  and  also  fm(x)  -►  f(x)  since  f^  -*■  g  pointwise  In  a 
uniformly  bounded  manner  and  f n(o)  «►  f(o)  .  The  same  Is  true  for  x  s  0 
so  the  dominated  convergence  theorem  Implies  that  j  l^m(u)  -f(u)|p  da  ♦  0  . 
Also  |f^|  s  M  for  some  M  <  •  and  all  m  ,  so 

f  IVun  )  ‘  Vu)lP  ^  s  M15  f  l“n  "glP  dw  -►  °  . 

JE  m  *  m 

Combining  these  shows  that 

JE  IV\>  ‘  fE  iv»>-f<“)ip  *• ♦  fE  IV\> - V«XP  *• 

♦  0  , 
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and  so  f  (u-  )  -*•  f(u)  in  Sobolev  nonn. 
m  n  ' 
n 

If  u  u  pointwise  everywhere  on  a  set  F  ,  then* 

"» 

|f„(u  )-f(u)|  s  |fm(u)-f(u)|  +  If.tu  )-fm(u)l 
in  m 

s  |fm(u)  -f(u)|  +  M|un  -u| 

IQ 

o 

on  F  as  well.  ■ 

Proof  of  2.2.5.  Pick  r\  «  Cf^(lR)  such  that  the  support  of  n  £  [0,1]  , 
n  2  0  ,  and  |  n  *  1  .  Let  nn(x)  *  n  n(nx)  ,  f(x)  *  x+  ,  and  fn(x)  * 
nn  *  f(x)  so  that 

0  x  s  0 

1  x  a 

n 

with  0  s  f '  s  1  .  It  Is  now  clear  that 
n 

(2.2.10)  f^  ***{X>q}  everywhere  In  a  pointwise  uniformly  bounded  manner. 

Also  fn(0)  *  f (0)  ■  0  and  0  s  fR(x)  s  x+  since 

0«n  *  f  (x)  »  x+  -  f  n(y)  (x+  -  (x  -  J )+ )  dy  5  x*  . 
n  Jq  n 

The  fact  that  the  f  converge  uniformly  follows  from  (2.2.10),  f n(0)  ■ 
fn(0)  .and  f;  -  f;  in  R  -[0,1]  . 

For  f(x)  ■  | x |  use  that  jxj  *  x+  +  (-x)+  in  combination  with  the 
smoothing  of  x+  done  above  to  define  fn  so  that  f^(x)  -*•  sign  x 


fi(x>  *  \  *  fi(x)  ‘ 
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everywhere  and  the  conditions  of  b)  are  met. 

For  f(x)  a  ha  b(x)  pick  n  «  C*(1R)  with  n  *  0  ,  J  n  »  1  ,  and 
the  support  of  n  £  [-1.1]  .  Let  nn  ■  n  n(nx)  and  gn(x)  ■  nn  *  X£  with 
E„ x<b-£}  so 


(2.2.11)  0sgns1  . 

for  large  n  and  9n(x) 
bounded  manner. 

Let 


9„(x) 


ro  If  m4  or  x*  b" 
n  n 

LI  if  a+|s  x  s  b-| 
n  n 


-*•  X{a<x<5}  everywhere  In  a  polntwlse  uniformly 


(2.2.12)  fn(x)  -  f(0)  +  j*  gn(s)  ds  . 

r° 

for  x<0  Is  used)so  that  f  (0)  *  f (0) 
x  n 


(where  the  convention 


f 


and  f^  *  gn  +  X(a<x<jj}  everywhere  In  a  polntwlse  uniformly  bounded  manner. 
Uniform  convergence  of  the  fR  follows  as  for  x+  .  If  a  <  0  <  b  ,  then 
It  Is  seen  from  (2.2.11)  and  (2.2.12)  that  a  <  f n  <  b  for  large  n  . 
Otherwise  It  follows  similarly  that  a  s  f  s  b  .  | 


Proof  of  2.2.6.  With  f  as  above,  apply  2.2.4  to  f(fj  .  f (h  .)  ,  and 
'Hrae>  n  n  Q|D 

9  *  f’(ha  b)x^a<x<bj  •  Since  a  <  u  <  b  ,  this  implies  2.2.6.  I 

Proof  of  2.2.7.  Assume  |u|  |v|  <  M  <  *»  and  apply  2.2.5  with  ha  b  , 

a  ■  -M  ,  b  ■  M  In  combination  with  2.2.4  to  see  that  3  {un>  ,  {vn>  € 

<f(fl)  such  that  (un  ,7un)  (u  ,7u)  and  (vn  »7vfl) -*■  (v  , 7v)  with  jun|  , 

|vn|  s  M  .  In  addition,  choose  the  sequences  so  that  they  converge  point- 
wise  almost  everywhere  u  ,  v  .  Consequently, 
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since  vn  -►  v  and  un  *►  u  almost  everywhere  In  a  pointwise  uniformly 
bounded  manner.  I 

Proof  of  2.2.6  and  2.2.9.  Assume  that  u  «  WQ,p(fl)  ,  v  €  Vt1’p(fl)  ,  and 
Ui  v  are  bounded.  In  the  proof  of  2.2.7  choose  E  *  fl  and  uR  «  C~(n) 
so  that  uv  «  wj*p(n)  since  unvR  e  CQ(n)  . 

If  Instead  u  «  Cg(n)  ,  v  e  ’  and  v  *s  boumled»  then 

choose  E  ■  support  u  and  choose  uR  ■  u  ,  so  again  uv  «  Wq,p(g)  .  In 
the  last  case  when  u  «  Cq(q)  ,  v  «  wjgP(n)  v  s  cu  ,  the  only  change 
Is  that  v  i  ca>  is  used  to  show  that  f  |v-vn|p  |7u|p  dv  ♦  0  .  This  Is 
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clear  since  |Vu|  is  bounded  on  E  *  support  u  and  vR  ■+>  v  in 
Lp(tt,E)  .  I 

2.2.13  Capacity.  p  ,  ^  P  *  and  P  vri11  be  rede^ned  and  CH  p 
will  be  shown  to  be  subadditive  and  capaci table.  The  concepts  of  quasi - 
continuity  and  capacitary  extrenal  will  be  developed.  The  proof  of  the 
fact  that  the  capacitary  extremal  satisfies  a  degenerate  elliptic  partial 
differential  equation  will  be  left  to  later,  when  it  is  used  to  prove  a 
particular  Sobolev  inequality. 

If  H  ,  as  described  in  2.1.7,  is  Cq(ji)  ,  then  all  level  sets  are 
compact  and  the  conditions,  equivalent  to  the  Sobolev  inequalities  dealt 
with  in  2.1.7,  only  involve  capacities  of  compact  sets.  This  motivates 
an  alternate  and  more  classical  definition  of  capacity  for  noncompact  sets. 

Let  H  be  a  subset  of  C*(fl)  (the  functions  typically  vanishing  on 
same  set  or  a  nbd  of  some  set)  closed  under  addition,-  and  composition 
with  f  €  {f  eC*:  f  bounded,  f (0)  *  0}  .  Let 

C^(K)  «  inf{|  |V*|P  dv;  $eH  ,  <fral  on  K  } 
for  K  c  n  compact, 

C^(Q)  »  sup(C'  (K):  KcO  ,  K  compact} 
for  Ocfl  open, 

Ch(E)  »  1nf{C'(0):  0  open  E  c  0  c  ft} 


for  arbitrary  Ee!)  . 


A 


f 


2.2.14  Proposition.  is  monotone  increasing  and  for  E  either  compact 
or  open 


C^(E)  =  Ch(E)  . 

Proof.  If  E  Is  open  and  E  c  0  ,  0  open,  then  for  any  Kc  E  ,  K  is 
also  in  0  so  C'(0)  t  C'(E)  ,  and  so  C(E)  *  C'(E)  ,  but  C’(E)  i  C(E) 

since  E  is  open,  so  C * (E)  *  C(E)  as  required. 

If  E  Is  compact  and  if  E£0  ,  0  open,  then  C^(0)  a  (^(E)  »  and 
taking  the  infimum  over  such  open  sets  gives  CH(E)  a  ( E)  .  If  <p  e  H 

and  $  a  1  on  E  ,  then  <f>  >  1  -e  on  an  open  set  0  with  E  £  0  ,  so 

that 

Ch(E)  s  <^({*>1  -e>) 

*  sup{C^(K):  Kc{<j>>l-e},  K  compact} 

since  t*—  2;  1  on  all  K  c  {a  >l-e}  .  Now  let  e  0  and  take  the  in- 

I  •£  “ 

flmum  over  all  such  $  to  get  C^(E)  s  C^(E)  .  | 

2.2.15  Proposition.  If  A  ,  B  c  fl  ,  then 

(2.2.16)  Ch(AuB)  +CH(AnB)  s  CH(A)  +CH(B) 

and  C"  Is  capacltable,  that  Is,  if  E  is  Suslin  (this  includes  the  Borel 
sets),  then  3K„  compact  such  that  K„  c  E  and  C.,(lO  -►  C„(E)  as  n  -*■« 

Proof.  Once  (2.2.16)  Is  proven,  then  capacitability  follows  from  a  theorem 
of  Choquet  [C].  Assume  A  and  B  are  compact.  If  CH(A)  » •  or 
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C  (B)  ■  •  ,  then  (2.2.16)  holds.  Otherwise  let  SMaxn(x,y)  *  fn(y-x) +x 
and  $M1nn(x,y)  *  y  -  fn(y-x)  »  where  -fn(x)  is  the  smoothing  of  x+  as 
In  Proposition  2.2.2,  so  fR(x)  ^  x  *  fn  "■  X{x>0>  ,  and  x+  -en  s  fn(x)  5 
x+  for  some  e„  4  0  .  Pick  $  ,  e  H  with  a  1  on  A  ,  4)  a  1  on 

B  , 


I  |v$|p  dv  <  «  and  J  jVi}i|p  dv 


<  “  .  Let  o-j  n  *  S  Haxn(4»,\{»)  » 


o2tn  *  SM1nn($,\|i)  ,  so  o1>n  (tJ*-«P)+  +  <p  a  Max(<p ,xp)  ,  °2  n  ^ 

ai  n 

Nin(^,t|>)  ,  and  i  1  on  AuB,  n  i  1  on  AnB. 


From  Proposition  2.2.14  and  the  definition  of  it  now  follows  that 


Cjf(AuB)  ♦  CH(AnB) 

‘  TTTIpI  +  I  I**./*’ 

ir 

■  -  ^  )P  J  |f;(^){^-7(>)  +V<fr|P  dv  +  j  |V*  -f;(*-*)(V<|M?4>)|p  ^ 

I  lx{^}(^0)+^lP  dv  +  [  l^-X{^}(71|»-V<|.)|p  dv 

•  f  |7¥|P  <*v  +  f  |V<p|p  dv  +  f  |V*|P  dv  +  f  |Vip|p  dv 
'{♦>♦)  '(4*$)  H4iS(J>} 

-  |  |V*|P  dv  +  |  | V«pjp  dv  . 


Taking  the  infimum  over  such  4  ,  \fi  It  follows  that 

CH(AuB)+CH(AnB)  s  C^(A) +C^(B) 

and  so  (2.2.16)  follows  for  A  ,  B  compact  by  Proposition  2.2.14. 

If  {Kn)  are  compact  and  0  Is  open,  then  (Kn)  is  said  to  ap¬ 
proximate  0  if  Kr  c  interior  and  U  Kn  ■  0  .  Assume  A,  B  are 
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open  and  pick  (An)  ,  {Bn>  ,  compact  sets  which  approximate  A  ,  B  , 

respectively.  It  is  seen  that  {A„  u  B  )  and  {A„  n  B  1  approximate 

n  n  n  n 

AuB  and  AnB  ,  respectively.  Given  KcAuB  and  C^AnB  ,  K  and 

C  compact,  then  K  e  A  u  B  .  and  C  c  A.  n  B.  for  some  n  ,  so 

—  n  n  —  n  n 

cHoo  *CH(C)  ,  c„(Anuen)  ♦c„<An„8n> 

s  w  ♦  w 

i  CHlh)  *  Ch(B)  . 

Taking  the  supremum  over  all  such  K  and  C  ,  and  using  Proposition  2.2.14, 
it  follows  that  (2.2.16)  holds  for  open  sets. 

Assume  A  ,  B  are  arbitrary  sets  in  a  .  Given  open  sets  0  ,  P  e  a 
with  A  £  0  and  B  c  P  ,  then 

CH(AuB)  +  CH(AnB)  s  CH(0uP)  +  CH(0nP) 

s  CH(0)  +  CH(P) 

and  taking  the  Infimum  over  such  0  ,  P  shows  that  (2.2.16)  holds.  | 


2.2.17  Proposition.  CM  Is  countably  subadditive. 


Proof.  Given  c  a  ,  1  «  1  , ...  ,  n  ,  it  follows  from  Proposition  2.2.16 

that  CH(U  E,)  s  l  CW(EJ  . 

n  1-1  1  1=1  n  1 

00 

Let  (<U:  .  be  open  sets  and  K  a  compact  set  with  K  c  (J  0,  so 
1  1-1  .  1-1  1 


C„(K)  ,  C„(  u  0,)  s  cH(0,)  s  CH(0,) 
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for  some  m  ,  so  taking  the  supremum  over  all  such  K  It  follows  that 
0»  00 

Cu(  4J  0.)  s  y  CH{0.)  .  Finally  for  E.  c  fl  ,  1  ■  1  ,2,...  .If 

"  1  ii]  H  1  CD  1  “  00 

Ct# ( for  some  1  ,  then  CU(U  F4)  £  T  CU(EJ  .  Otherwise  pick 

"  1  .  1-1  1  1-1  "  1  .i 
0^  open  such  that  E^  £  0^  jc  n  and  fy(O^)  s  Ch(E.j)  +e2  so 

wjj}  E1>  *  wjj,  °1>  =  5  w  w 

and  letting  e  *►  0  gives  the  result.  I 

Propositions  2.2.18  and  2.2.19  will  be  used  to  motivate  the  definition 
of  quasicontinuity. 

2.2.18  Proposition.  If  <J>  £  H  ,  then 

CH({|*J  >x}}  s  ^  J  |v<fr|p  dv 

for  all  X  >  0  . 

Remark.  Using  a  smoothing  of  the  absolute  value  function  the  coefficient 
2  may  be  replaced  by  1  . 

Proof.  If  K  c  and  K  Is  compact,  then  ^  i  1  on  K  ,  so 

VK)  1  i?  J  ]V$|P  dv  ,  therefore  taking  the  supremum  over  all  such  K 
gives  CH({$>X})  &  ~  J  |V$|P  dv  .  Considering  that  {|*|  >X)  * 

{♦>X}  u  {— <p>X}  and  using  the  subadditivity  of  ,  It  Is  seen  that 
Proposition  2.2.18  holds.  | 

2.2.19  Proposition.  If  $n  c  H  ,  n  «  1  , 2  , ...  ,  and  the  $n  are 
Cauchy  In  W^,p(fl)  ,  then  a  subsequence  of  the  $n  converges  uniformly  off 


open  sets  of  arbitrarily  small  CH  capacity. 

If  H*  C0(fl)  ,  M>n>nsl  are  Cauchy  in  wj^Q) 
M  <  «  or  v  $  cu  i  then  there  Is  a  subsequence  (n^ } 
sets  of  arbitrarily  small  C w  capacity  off  of  which 


and  either  |4  |  s 
n 

and  there  are  open 

the  4>  converges 
n1 


uniformly  on  compact  sets.  In  any  of  these  cases  a  subsequence  of  the 

4  converges  pointwise  off  a  set  of  Cu  capacity  zero, 
n  n 


-n 


Proof.  Choose  n^  Iteratively  so  that  n^  <  n..+1  and  "  *Ji  p  * 

2-(f+2)(p+D  for  all  m  *  n  Let  E.  »  {|4  -4  |  >  2~(i+2)} 

1  1  ni  ni+i 

so  that  by  Proposition  2.2.18  It  follows  that  C^(E^)  s  2"^+1^  and  so 

Cu(  U  E.)  s  2m  for  all  m  >  0  .  If  x  «  n  -  U  E.  ,  then 
H  Inn  1  ism  1 

1-1  _ 

14  (x)  -4  (x) I  s  l  |4  (x)  -4  (x)|  s  2  for  1  >  m  and  so  the 

nm  n1  k-m  nk  Vl 

4  converge  uniformly  off  the  open  set  U  E,  which  has  capacity  2 
n1  ism  1 

If  H  •  Cq(«)  and  Is  Cauchy  in  »  then  Pick  ^  c  s 

compact  such  that  c  interior  K^+1  and  U  *  fl  and  choose  € 

Cq( interior  K^)  so  that  a  1  on  .  Also  choose  a  subsequence 

n.  so  that  the  4  converge  <o  almost  everywhere  (and  so  v  almost 
l  ni 

everywhere  since  v  is  assumed  absolutely  continuous  with  respect  to  <■>  ) 
so  that 

|  In,  -  n,  ♦„klp  <h.  s  c  f  |*nj *■  -  0 


as  j  ,  k  •  ,  and 
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r 

. 


|  |V(n1  +n  )-v(ni  ♦h  )|p  dv 
j  ^ 

I  lt7"l)WnJ‘V|PdV*Ci  |TS -''♦n/  *- 


as  j  ,  k  If  J*  |  s  M  or  If  \>  s  cm  .  Therefore  {tu  4>  Is 

■  iij  j  i 

Cauchy  In  W1,p(n)  and  so  by  the  first  part  of  Proposition  2.2.19  sub¬ 
sequences  n^  j  can  be  chosen  Iteratively  so  that  (n^  Is  a  subsequence 

OB 

of  {n^  .  and  $n  converges  uniformly  on  K^-G^  ,  where  Gj 

*  1  »J 

Is  an  open  set  with  CH(G.j)  <  2”^+1^  .  Let  F^  -  G^  so  C^(Fk)  s  2  k 
and  the  diagonalized  sequence  converges  uniformly  on  any  compact  sub- 

set  K  of  fl  -  Fk  since  K  must  lie  In  for  some  1  .  ■ 

2.2.20  Definition.  If  a  property  holds  everywhere  except  possibly  on  a  set 
of  Cw  capacity  zero,  where  H»Cg(n)  ,  then  it  Is  said  to  hold  quaslevery- 
where.  If  u  c  wj*p(0)  and  there  exists  a  sequence  #n  e  C*(n)  such  that 
♦n  u  In  wj»p(ft)  and  $n  u  polntwise  quasi  everywhere,  then  It  is  said  that 
u  Is  quasi continuous.  If  u  «  w]*p(n)  and  there  exist  $n  c  C*(fl)  such 
that  $n  ♦  u  In  w]oP(o)  »  then  It  Is  said  that  u  Is  locally  quasicon- 
tlnuous. 


2.2.21  Proposition 

(2.2.22)  If  u  c  Wq*p(£2)  ,  then  u  can  be  redefined  co  almost  everywhere 
so  as  to  be  quasicontinuous. 


(2.2.23)  If  u  is  quasicontinuous,  then  u  Is  continuous  off  open  sets 
of  arbitrarily  small  capacity  for  H  a  Cg(fl)  and  If 
♦n  e  djfe)  and  <j>n  -*■  u  in  Wq’p(r)  ,  then  $n  -*•  u  pointwise 

quasi everywhere  for  some  subsequence  {n^}  . 


(2.2.24)  If  either  u  is  bounded  or  v  s  cm  ,  then  (2.2.22)  and  (2.2.23) 
hold  for  u  e  w]gP(fl)  and  $n  e  C*(li)  if  quasicontinuity  is 
replaced  by  local  quasi continuity. 


Remark.  The  conditions  u  bounded  and  v  a  cm  In  Propositions  2.2.19 
and  2.2.21  are  actually  needed  only  near  the  boundary  of  Q  . 


Proof.  Given  u  e  Wg*p(n)  ,  there  exist  i|>n  e  C~(fl)  such  that  u 

In  wj*p(fl)  .  Using  Proposition  2.2.19  a  subsequence  {n^}  may  be  chosen 

such  that  ib  converges  pointwise  quasi everywhere  as  well  as  u  almost 
n1 

everywhere  so  u  can  be  redefined  on  a  set  of  ca  measure  zero  to  equal 

11m  to  (x)  ,  where  It  exists,  and  so  is  quasicontinuous. 

1—  n1 

If  u  Is  quasicontinuous,  then  there  exist  «  Cq(h)  such  that 
♦n  ♦  u  in  wj,p(n)  and  pointwise  off  a  set  E  .where  CH(E)  »  0  , 

H  ■  Cq(a)  .  By  Proposition  2.2.19,  there  exists  a  subsequence  {n^}  such 
that  converge  uniformly  off  open  sets  Gj  with  Cw(Gj)  <  * 

e j  *►  0  .  Choose  Oj  open  such  that  E  c  0 j  c  n  ,  and  C^(Oj)  <  Cj  so 
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Therefore  u  is 


u  uniformly  off  G^  u  0^  and  Cw(Gj  uO^)  <  2ej 

continuous  off  open  sets  of  arbitrarily  small  capacity. 

If  «  Cq(h)  and  <j>n  ♦  u  in  wj,p(n)  ,  then  $n-^n-*0 

wl*p(n)  and  by  Proposition  2.2.19  $  -ty  -*•  0  quasi  everywhere  for  some 
u  n^ 

subsequence  {n.}  .  -  -*■  u  quasi  everywhere  so  it  is  now  clear  that 

1  n1 

6  ■*  u  quasieverywhere. 

ni 

The  proofs  above  go  over  to  the  case  with  minor  changes  as 

In  the  proof  of  2.2.19.  | 

It  is  useful  to  know  that  there  exist  extremal  functions  where  the 
Inflation  in  the  definition  of  is  achieved.  To  accomplish  this  a  vector 
valued  form  of  the  Clarkson  Inequalities  is  needed. 

• 

2.2.25  Lemma.  Suppose  (M,F,v)  Is  a  measure  space  and  H  a  real 
Hilbert  space  with  norm  J  |  .  If  f  ,  g  are  H-valued  functions  on  M 
with  |f |  ,  Jg|  »  |f+g|  ,  |f-g|  ,  F  measurable,  then 

(2.2.26)  |  |  dv  +  J  |  dv  s  j  J  jf|P  dv  +  j  j  |gjp  dv 

for  2  i  p  <•  i  and 

a  i  d  i  ?r 

*  (If  lflP  **  +  \  }  lglP  dv) 

for  1  <  p  s  2  . 
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Proof.  Given  u  ,  v  e  H  ,  let  L  be  their  span.  Since  the  scalar  field 
is  TR  ,  there  is  a  linear  map  $  :  L  ♦  C  such  that  fixf  *  l<P(x) |  for 
x  €  L  .  Using  15.4  and  15.7  in  [HS]  it  follows  that 

|<fr(u?-$(vi|P  +  |  *  J.  | <p(u) | p  +  \  |4.(v)|p 

for  2sp<«  ,  and 

|M-)--.tivl|p/(p'1)  ♦  |lMiiivi|p/(p'1)  !♦(,)!»  ♦  \  ,*(v,|P)1/Cp-1) 

for  1  <  p  s  2  . 

Using  linearity  of  $  and  |x(  «  |<fr(x)|  and  letting  u  *  f  ,  v  -  g 
leads  to 

MWWW 

for  2  s  p  <  *  ,  and 

|^|p/(p-’)+|f?|p/(p-')s(,lf,p^,9ip)1'<p-,) 
for  1  <  p  s  2  . 

(2.2.26)  follows  by  integration  of  the  2  s  p  <  -  inequality.  Using 
Minkowski's  Inequality  for  powers  between  zero  and  one,  12.9  in  [HS],  it 
follows  that 
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(i  i^r  -),/<p‘,>  -a  i  ^)v<p',) 

(J(|  r*a|p/(p_1)  *  |  f-ajP/tp-D'jp-i  jftw 


*(f«ilfll’*lr,»,P) dv) 


from  above*  and  so  ( 2.2.27 )  holds.  I 


1/P 


2.2.28  Proposition.  If  H*  c!JJ(n)  ,  E  c  a  ,  and  the  Inequality 

(2.2.29)  |  |*lp  du  s  c  |  |V*|  p  dv 
holds  for  all  $  e  Cg(n)  «  then: 

(2.2.30)  Ctf(E)  •  1nf{J  |Vu|P  dv:  UeWj*P(n)  , 

u  *1  on  E  .  quasi everywhere, 
and  u  is  quasi  continuous}  , 

and 

(2.2.31)  CH({|ul  >\})  s  1 1  |7u|pdv 
for  all  quasi  continuous  u  t  Wg*p(fl)  . 


(2.2.32)  If  un  «  wj*p(fl)  Is  quasi  continuous  for  n*l,2,...  and 
{u  )  is  Cauchy  in  wj*p(n)  ,  then  there  exists  u  e  wj,p(n)  ,  u 


quasi continuous  and  a  subsequence  {n^}  such  that  un^  ^  u  in  Wg’p(n) 


and  uniformly  off  open  sets  of  arbitrarily  small  measure,  and  so 
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polntwlse  quasi everywhere  as  well. 

(£.2.33)  If  CW(E)  <  *  ,  there  exists  u  «  Wq,p(8)  such  that  u  Is 
quaslcontinuous,  0  s  u  s  1  ,  u  *  1  everywhere  on  E  ,  and 
|  | Vu | p  dv  *  Ch(E)  . 

(2.2.34)  If  (ui»Vu-|)  is  an  extremal  in  the  sense  that  c  VlJ*p(n)  , 
u  Is  quasi continuous,  U|  2  1  quasi everywhere  on  E  ,  and 
J  | Vu-j  1 p  dv  *  Ctf(E)  ,  then  (u^.Vu^)  *  (u,Vu)  in  Wq*p(q)  ,  where 
(u,Vu)  is  as  In  2.2.33.'  Also,  u  *  u-|  quasi  everywhere. 

£.2.35)  If  ft'  Is  open  and  bounded,  n'c  a  ,  E  =  ,  and  CH(E)  ■  0 

for  H  ■  Cq(h)  ,  then  CW,(E)  *  0  for  H'  »  Cg(n')  . 

In  consequence  ,  if  either  u  Is  bounded  or  v  s  c<u  and  If 
u  e  »  u  locally  quasi continuous  and  uj  e  Wq*p(k')  ,  then 

u|  is  quaslcontinuous  with  respect  to  ft1  . 

Ifl* 

Remarks.  If  (u,7u)  Is  an  extremal  as  in  2.2.34,  then  \  will  be 
called  a  capacltary  extremal  of  E  .  It  is  clear  that  It  Is  essentially 
unique. 

The  assumption  of  the  Pol near 6  Inequality  2.2.29  may  be  avoided  by  the  use 
of  a  definition  of  W^’p(n)  which  does  not  require  u  c  Lp(oa,n)  for 
<1 «  wj'p(n)  . 
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Proof  of  Proposition  2.2.28.  As  will  be  shown  in  Proposition  2.2.41, 
the  Inequality  (2.2.29)  implies  that  if  H  •  Cg(n)  ,  then  <o(E)  s 
cpCw(E)  for  all  Bore!  sets  E  .  Thus  any  set  of  capacity  zero 
is  automatically  of  o>  measure  zero.  Therefore  if  u  e  Wq’p(A)  , 
then  redefining  it  on  a  set  of  capacity  zero  will  not  alter  the 
Lp(«,fl)  equivalence  class  In  which  it  lies  and  so  it  is  unchanged 
as  an  element  of  Wg,p(fl)  .  Also,  If  It  Is  quasicontinuous  Initially, 
then  from  the  definition  of  quasi continuity  It  will  remain  so.  This 
property  will  be  used  periodically  throughout  the  rest  of  the  section. 

Given  u  «  Wq’p(J2)  ,  u  quasicontinuous  and  u  i  1  quasievery- 
where  on  E  ,  pick  $n  «  Cg(fl)  such  that  $n  u  In  wj’p(n)  and 
uniformly  polntwlse  off  sets  of  arbitrarily  small  capacity.  Let 

EN  4  *  fx<n:  ♦n^  for  811  n2N}  ’ 

*^p(f  lTulP  ^  *  *1.)  • 

where  eM  0  as  N-*-«  .  Since  the  converge  uniformly  to  u 
off  sets  of  arbitrarily  small  capacity,  there  exist  FN  c  ft  such  that 
C^(F||)  k  +  0  as  N  +  ®  ,  and  {U2I }  £  E^  ^  u  •  As  a 

result, 

C„<E)  *  C„({Uil»  *  cH(ENi5)  ♦  ch(fm) 

*  7ri)P  (f  ,VU|P  ^  +'k)  +  CN  • 
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dv  .  Given 


Let  H  and  then  6  -*■  0  to  get  C^( E)  s  J  1  Vu| ** 

e  >  0  ,  pick  0  open,  E  «0  such  that  C^(o)  s  CW(E)  +e  .  Choose 

Kn  compact,  Kr  +  0  such  that  C( Kn)  +  C(O)  and  $n  e  C*(n)  such 

that  <p_  i  1  on  K  and  f  ]74  |p  dv  s  C„(K  )  +  2’n  . 

n  n  j  1  n*  n  n 


(2.2.36}  By  Lenina  2.2.25,  using  H  =  DT  ,  it  follows  that 


and 


f  K-7*. 


dv  + 


l7V7*m 


dv 


*  \\  lV*niP  ^  +  \  \  l7UP  for  p  *2  * 


/  vo-v*  p  \1/(H)  l 

(|  -V-  *)  +( 


7V7*m 


P  \l/(p_l ) 
dv) 


s  (?  }  l7*nlP  ^  +  \  j  l7*jJP  dv)1/(P’1^  for  1  <p  s2  • 


VA» 


*-*■  2  1  on  K  ,  where  n/vn  s  min(n  ,  m}  ,  so  CJK  )  s 
c  n/vm  n  nAm 

7*  +7<|>  ,P 

15 - -  1  dv  .  Using  this  Inequality  on  the  above  and  then  taking 


the  llmsup  ,  recalling  that  C(K  )  C(o)  ,  it  follows  that 
n,m  1 


llmsup 

n,«H» 


► 

7V7*m 

2 

dv  +  CH(o)  s  CH(o) 


for  p  a  2  .  A  similar  Inequality  holds  for  1  <  p  <  2  so  the  7$n  are 

Cauchy  In  n  Lp(v,fl)  .  The  Inequality  (2.2.29)  now  Implies  that  the  $ 
K-1 


are  Cauchy  In  lp(cii,fl)  and  so  the  <j>n  are  Cauchy  in  Wq*p(H)  .  The 

$n  converge  to  some  u  e  Wq*p{8)  which  can,  by  Proposition  2.2.21,  be 

chosen  such  that  a  subsequence  <4  converges  quasieverywhere  to  u  , 

1 

and  so  u  i  1  quasieverywhere  on  0  and  u  is  quasi  continuous. 

In  addition, 

|  |Vu|p  dv  *  lim  |  jv<|>n{p  dv 

4  11m  (CH(K  )  +2“n) 
rw  H  n 

-  CH(0)  s  Ch(E)  +e  , 


and  so  (2.2.30)  Is  established.  I 

Proof  of  (2.2.31).  Using  (2.2.30)  and  arguing  as  in  Proposition  2.2.18, 
it  follows  that  CH( { | uj  >A})  s 
u  <  wj,p(n)  .  I 

Proof  of  (2.2.32).  Proceeding  as  In  the  first  part  of  Proposition  2.2.19 
implies  that  a  subsequence  of  the  ufl  converges  uniformly  off  sets  of 
arbitrarily  small  capacity.  Since  the  capacity  of  a  set  E  can  be  ap¬ 
proximated  arbitrarily  closely  by  capacities  of  open  sets  containing  E  , 

It  follows  that  the  exceptional  sets  above  may  be  taken  to  be  open.  Let 
u  be  the  Wg,p(fl)  limit  of  the  un  .  Redefine  It  on  a  set  of  w  measure 
zero  as  In  (2.2.22)  so  that  un  u  quasieverywhere.  Arguing  as  in  the 

last  part  of  (2.2.23)  with  $n  a  sequence  in  Cq(A)  such  that  $n  -►  u 
In  wj,p(fi)  ,  It  follows  that  u  is  quasi continuous.  I 


■h  li7ui' 


dv  for  all  quasi  continuous 
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Proof  of  (2.2.33) .  Given  E  £  ft  ,  it  can  be  seen  from  (2.2.30)  that 
there  exist  quasicontinuous  un  «  Wq*p(ji)  such  that  un  s  1  quaslevery- 
where  on  E  and 


Ch(E)  s  |  |7un|p  dv  s  CH(E)+en  , 


e  -*-0  as  n  «*> «  . 
n 


Using  Clarkson's  inequalities  as  before,  it  follows  that  the 

Cauchy  and  therefore  by  (2.2.32)  there  exists  u  e  Wg’p(fl) 

1 
0 


ous  and  a  subsequence  {n^}  such  that  un 


i 


u  in  wl’p(n) 


u  are 
n 

quasi conti nu- 


and  point- 


wise  quasi everywhere,  so  J  |7u|p  dv  *  C^(E)  and  u  k  1  quasieverywhere 
on  E  .  Use  2.2.5  with  hQ  1  to  show  that  (hQ  j(u)  »X(q<u<1}  Vu)  « 
Wg,P(n)  .  It  is  also  clear  from  the  proof  of  2.2.5  that  hQ  ^u)  is 
quasicontinuous.  Also 


\  Jxro<u<n  7ulp  ^  s  \  l7ulp  ^  5  VP  » 
but  CH(E)  s  J  |X(0<U<1}  7ufP  ^  from  (2-2-3°)»  s0  e<lualfty  holds  and  ho,l^u^ 

is  the  required  extremal  after  redefined  on  a  set  of  capacity  zero.  I 


Proof  of  (2.2.34).  Clarkson's  Inequalities  imply  that  J  [ Vu^  -Vu{p  dv  *  0 
and  the  inequality  j  $p  do>  s  c  J  {V$|p  dco  .  which  holds  for  u^  ,  u  by 
taking  limits,  then  implies  that  J  | u^-ul p  da>  «  0  and  so  (u^.Vu^)  * 
(u.Vu)  in  wj,p(n)  .  If  <Pn  c  (%(n)  and  <t>n  -*■  (u,7u)  In  wj*p(fl)  , 
then  <j>n  -►  (u^Vu^)  in  Wq,p(r)  ,  in  which  case  there  is  a  subsequence 


of  the  <bm  which  converges  to  both  u  and 
n 


u^  quasieverywhere  so  that 


u  •  Uj  quasieverywhere. 
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Proof  of  (2.2.35).  If  K  cfl'  Is  compact  and  fy(K)  »  0  ,  then 
3  ♦n  *  Cg(&)  such  that  $n  *  1  °n  K  and  J  |v$n|p  dv  ■»  0  .  If 


9(x) 


x  a  j  , 

4  s  X  S  i 


1 

2 


2  * 


a  e  C“(1R)  ,  support  o  c  [-|,|]  ,  o  a  0  ,  J  a  *  1  ,  and  o(x)  a 
o(-x)  ,  then  let  f  ■  a*g  so  that  |f|  s  1  ,  f(x)  *  1  If  xx  1  , 
f (0)  »  0  ,  and  |f'|  s  2  .  It  now  follows  that  f($n)  «  Cg(n)  * 
f($n)  ■  1  on  K  and  J  |Vf($n)|P  dv  s  2  J  |V$|P  dv  0  .  An  ap- 
llcatlon  of  Clarkson's  Inequalities  Implies  that  f($n)  ■*  0  In 
as  In  2.2.36,  and  so  f($n)  -►  0  ,  a  almost  everywhere. 

Choose  n  «  )  ,  0  sn  si  and  n  *  1  on  K  so  that  nf($n)  ■  1 

on  K  and 

J  |V(nf(d»n))  |pdv  s  J  |7n|p  |f(^n)|pdv  +  2  j  |v*|p  dv 


since  |f(<pn)  |  s  1  ,  f( <pn)  ♦  0  ,  a)  almost  everywhere,  and  v  is  ab¬ 
solutely  continuous  to  «i.  It  Is  now  clear  that  C^,(K)  *  0  .  If 
E  c  n'  and  CH(E)  -  0  ,  then  CH,(K)  -  C^K)  «  0  for  all  K  c  E  , 

K  compact  but  then  the  capacltablllty  of  Cw»  as  In  Proposition  2.2.15 
Implies  that  CW,(E)  «  0  . 

Suppose  u  t  wj^p(n)  ,  u  locally  quasi continuous  and 
ul  c  wl’p(n' )  .  Choose  {$_}  ,  <  C*(R)  such  that  u*  In 


W];P(«)  and  pointwise  quasi  everywhere  and  {\|>nJ  ,  *J>n  e  Cg(n‘)  such 

that  $  *  u|  In  wl,p(n')  and  pointwise  quasi everwhere.  ST'  is 
n  1$ 1  u  . 

compact  since  O'  is  bounded  so  -*•  uj  in  Vr*p(n')  and 

"‘O'  *n' 

from  the  above  <p  I  ■*  u|  ,  fl'  -  quasi  everywhere,  but  then  u| 

n*fl*  'fl*  'Q* 

is  n'-locally  quasi  continuous.  By  (2.2.24)  it  now  follows  that 

*  -*■  u|  ,  n' -quasieverywhere,  and  so  u|  is  fl' -quasi continuous.  I 

n  Iq* 


The  set  function  p  defined  in  Section  2.1.0  is  unfortunately 
not  subadditive,  even  In  the  case  of  Lebesgue  measure,  though  it  can 
be  redefined,  as  p  has  been,  to  give  a  more  natural  measure  of 

non-compact  sets.  If  fl‘  Is  open,  Jp  c  fl  ,  &>(«)  <  •  ,  X  Is  a  posi¬ 
tive  Borel  measure  with  X(n')  *  1  and  H  Is  a  subset  of  Cq(s)J 
closed  under  addition,  and  under  composition  with  C°°(]R)  functions 
having  bounded  derivative,  then  let 

Ci(K)  ■  inf{j^  ♦  eH  •  <fril  on  K  ,  and  $dX*0} 

for  all  sets  K  ,  K  ■  K*  n  fl'  for  some  compact  K*  c  n  , 


ti(O)  ■  sup{C-(K):  KsK'  nfl'  for  some  compact  K*  ctt  and  Kco} 
H  H 


and 


Cp(E)  »  1nf{C^(0):  0  Is  open,  EcOca'} 
for  all  E  c  n'  . 

2.2.37  Proposition.  C2(E)  *  C-(E)  If  E  Is  open  or  E  *  KnO' 

H  H 

for  some  compact  K  c  n  . 
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Proof.  The  proof  is  virtually  identical  to  that  of  Proposition  2.2.14 
but  with  compact  sets  replaced  by  the  intersections  with  of  com¬ 
pact  subsets  of  fl  .  ■ 


2.2.38  Proposition.  Assume  X  $  ao  .  v  s  ao  ,  and 


(2.2.39) 


for  all  <p  e  H  . 


J  |$  -  j  $dX|  a)  s  c  |  |V<b|P  dv 


If  K  *  K*  n  O'  with  K'  c  n  compact  and  C.(K)  <  »  ,  then 
3  u  €  W1,p(fl)  such  that  u  is  locally  quasi continuous,  j  u  dX  *  0  , 
u  a  1  quasi  everywhere  on  K  ,  and  J  |7uJp  dv  *  £_(<)  • 

Proof.  Choose  4>n  €  H  such  that  $n  a  1  on  K  ,  J  $n  dx  *  0  ,  and 

I  |V4  |p  dv  -*■  C-(K)  .  Use  Clarkson’s  inequalities  as  In  2.2.36  to  show 
J  n '  h  d 

that  the  V$  are  Cauchy  in  n  lp(v,fl)  .  Inequality  (2.2.39)  then 

K-l 

Implies  that  the  <}>n  are  Cauchy  in  Lp(a>,fl)  so  the  <J>n  converge  in 
H1,p(n)  to  some  u  which  can  be  chosen  locally  quasi  continuous  by 
(2.2.24),  In  which  case  for  some  subsequence  (n^)  the  ^  +  u 

polntwise  quasleverywhere  and  u  a  1  quasleverywhere  on  K  .  Since 
X  i  co»  ,  it  follows  that  the  <frn  converge  to  u  in  tJ(X,n)  so  that 
|  u  dX  ■  0  .  Finally,  j  |7U|P  dv  *  C_(K)  since  |  |V$nlP  dv  ♦ 

C»(K)  .  I 

H 

Sobolev  Inequalities.  The  characterizations  of  the  weights  for  the 
two  Inequalities  (2.1.4)  and  (2.1.15)  will  be  translated  into  the 
present  setting,  (2.2.42)  and  (2.2.46),  and  weights  of  the  form 
d1st°(x,K)  will  be  shown  to  be  admissible. 


A  number  of  sufficient  conditions  for  special  cases  of  (2.2.42) 
and  (2.2.46)  appear  in  the  literature.  The  condition  on  u  ,  v  assumed 
in  [K],  [MS],  and  [Tl]  is  fairly  strict.  A  result  of  Muckenhoupt  and 
Wheeden  [MW]  introduces  a  less  strict  condition  but  the  resultant  inequali¬ 
ties  are  not  useful  here,  since  they  assume  that  the  density  of  v  is  a 
fixed  power  of  the  density  of  u  .  Welland  [W]  has  given  a  simplified  proof 
of  this  result,  the  methods  of  which  (along  with  the  Besicovitch  covering 

lemma  [G ] )  can  easily  be  adapted  to  yield  suitable  inequalities  if  w.v 
satisfy  a  condition  of  the  form 


v(x)  1/(P  ' '  dx) 


s  c  IB 


(l-l/n)+e 


for  all  balls  Ben,  n  a  bounded  open  set  and  for  some  e  >  0  , 
p*  <  p  ,  and  q*  3  p*^  •  If  <o  *  v  ,  then  this  includes  the  Ap  weights 
[Ml] .  The  assertion  above  will  not  be  put  into  rigorous  form  and 
proven  since  it  departs  from  the  general  direction  of  these  notes. 

The  fact  that'  Ap  weights  are  admissible  for  the  appropriate  Sobolev 
inequalities  was  also  recognized  by  E.B.  Fabes,  C.E.  Kenig  and 
R.P.  Serapioni  [FKSJ  independently  and  at  the  same  time  as  by  the 
present  author.  The  use  of  fractional  integrals  in  this  approach 
turns  out  to  be  too  crude  to  allow  a  characterization  of  the  weights 
needed  for  the  Sobolev  inequality  (2.2.42) and  (2.2.46),  since  it 
annihilates  important  geometric  properties  of  certain  classes  of 
weights.  A  simple  example  is  provided  by  the  weights  w(x)  •  v(x)  « 
|x|°  in  fi  -  B(0,1).  The  condition  assumed  in  [KJ  forces  -min(p,n)<a< 
min(p,n(p-l) ) ,  while  altering  the  methods  of  (MW]  and  [W]  allows 
-n  <  a  <  (p-l)n  and  the  present  methods  allow  -n  <  a  <  •. 
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It  will  be  assumed  in  Lemma  2.2.40  and  Theorem  2.2.41  that 
H  *  Cq(o)  and  H  *  Cq(a)|  (  ,  where  O'  is  open,  n7  c  n  . 

2.2.40  Lenrna.  If  Kcfl  is  compact,  then  3  K  c  a  such  that  K  * 

—  n  —  n 

{♦n2l}  for  some  $n  «  djfa)  ,  K  c  «n  ,  SKn  is  C~  and  CH(Kn)  -► 

ch(k)  . 

If  K  c  fl*  ,  K  *  K'  n  n  for  some  compact  set  K1  csi  ,  then 
HJcii  such  that  *  {<^2  1)  for  some  6  C0^  •  8Kn  is  C"  * 
IcKJ,  and  C.(K’  nfl')  -*■  C-(K)  . 

a  h 

Proof.  Let  K  c  n  be  compact.  Given  e  ,  0  <  c  <  1  ,  choose  <j>  c 
dj(fl)  such  that  <j>2l  on  K  and  J  |V<J>|P  dv  s  CH(K) +c  .  By  the 
Morse-Sard  theorem  { j V<t>l  «0}  n  {$»t}  *0  for  almost  all  t  c  IR  . 
Choose  one  such  tg  with  l>e  s  tg  s  1  so  that  {$atg}  is  a  compact 
set  with  smooth  boundary,  Kc  (f  *tg}  and 

y(,*t0})  sJj-J  |7,|P  * 

1  w  <ch<k>  +€>  • 

Sequences  Kn  ,  $n  can  now  be  easily  chosen. 

If  K  c  ft*  ,  K  >  K'  n  ft'  for  some  compact  set  K1  cil  ,  then 
argue  as  above  with  4  chosen  so  that  4*1  on  K,  <p  dx  *  0 
and  |?4jp  dv  i  2.{K)+e  ,  and  with  C^fyatg})  replaced  by 
C.({4*t0>  nfl')  .  | 

H  0 

2.2.41  Theorem.  If  1  sp  sq  <•  ,  then 

(2.2.42)  (j  |ulq  dw)1/q  s  c^j  |Vu|p  dv)1/p 
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for  some  >  0  and  all  u  e  C*(n)  iff 


(2.2.43) 


aVq(K)  s  b,  c’/P(K) 


for  some  >  0  and  all  compact  sets  Ken  with  C~  boundary 


(2.2.44) 


o> /q(E)  s  b,  c’/p(E) 


for  some  b^  >  0  and  all  Bore!  measurable  sets  E  c  n  . 

If  p  »  1  and  v  is  absolutely  continuous  with  respect  to 
Lebesgue  measure  on  Q  with  density  v  e  L^(n)  ,  then  (2.2.42)  holds 


(2.2.45) 


j^q(K)  s  b,  llmlnf  -j-  [  v  dx 

1  6-*0  5  k. 


for  some  b-j  >  0  and  all  compact  sets  K  with  C*  boundary,  where 

Cfi  *  {xeft-K:  dist(x.K)  s5}  . 

If  v  is  continuous,  then  this  reduces  to  co^q(K)  s 

b,  f  v  dH0’1  . 

1  J3K 

If  co(n')  <  «  ,  X(n')  »  1  and  1  s  p  M  <•  ,  then 

(2.2.46)  (J^  |u-^udX|qdco)1/q  s  c^  |Vuf  dv)1^ 

for  some  c2>0  and  for  all  uc  Cq(^2) |  (  , 

Iff 


(2.2.47) 


J/q(K)  s  b2  Cl/P(K) 


for  some  b2  >  0  and  all  Ken  such  that  K  ■  K*  n  n  for  some 
compact  set  K'  c  n  , 


Iff 

(2.2.48)  J/q(E)  s  b,  Cl/p(E) 

"  H 

for  some  b2  >  0  and  all  Borel  measurable  sets  E  n*  . 

•  .  i 

If  p  ■  1  and  v  Is  absolutely  continuous  with  density  v  e  L  («')  , 
then  (2.2.46)  holds  Iff 

(2.2.49)  «1/q(K)X(n'  -K)  s  b,  llmsup  ^  f  vdx 

2  6+0  6 

for  some  b2  >  0  and  all  K  c  n'  such  that  K  »  K*  n  fl'  for  some 
compact  set  K‘  c  n  ,  and  where  *  {x«fl‘-K:  dlst(x.K)  s6)  . 

If  c^  *  b^  ,  1*1,2,  are  chosen  as  small  as  possible,  then  b^  s 
c<|  s  P^q  p‘ ^p  b1  and  b2  s  c2  s  2p^p  p'^p  b2  . 

Proof.  Consider  Theorem  2.1.7.  It  is  claimed  that  (2.1.9),  (2.2.43), 
and  (2.2.44)  are  all  equivalent.  It  Is  clear  that  (2.2.44)  Implies  both 
(2.1.9)  and  (2.2.43).  (2.2.44)  follows  from  each  of  these  In  a  similar 

manner  so  only  one  implication  will  be  done  explicitly.  Assume  (2.1.9). 
Given  a  compact  set  Keil  ,  Lemma  2.2.40  supplies  a  sequence  {K^}  of 
compact  sets  of  the  type  considered  In  2.2.40  such  that  aj^q(K)  s 
«^q(Kn)  s  b^  C^p(Kn)  -*•  b^  Cyp(K)  .  Given  a  8orel  set  E  cfl  ,  use  the 
regularity  of  u  to  choose  a  sequence  of  compact  sets  such  that 
c  E  and  <o(K^)  ■*  u(E)  ,  so 

«1/q(E)  »  11m  «1/q(Kn)  s  b1  llmsup  CH(Kn)  s  b,  CH(E)  , 
if*  rr*« 

and  (2.2.44)  Is  verified. 

The  equivalence  of  (2.2.42)  and  (2.2.45)  now  follows  directly  from 
Theorem  2.1.22. 
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The  second  half  of  the  theorem  follows  In  a  similar  manner  to  the 
first  using  Theorem  2.1.17  Instead  of  2.1.7.  I 

It  will  be  shown  In  Theorem  2.2.56  that  weights  of  the  form 
d1sta(x,K)  admit  Sobolev  Inequalities  of  the  type  (2.2.42)  and  (2.2.46). 
These  will  be  used  In  Chapter  3  to  demonstrate  the  Holder  continuity  of 
solutions  of  certain  differential  equations  which  have  these  weights  as 
degeneracl es . 

It  will  first  be  shown  that  two  weighted  Isoperlmetric  Inequalities 
hold  under  the  conditions  (2.2.51),  (2.2.52),  and  (2.2.53).  The  rather 
technical  verification  of  these  conditions  for  specific  geometries  Is 
left  to  the  proof  of  Theorem  2.2,56. 

Let  a  ,  v  be  nonnegative  Borel  functions  defined  everywhere  on 

•  A 

B(xQ  , 2Rq)  c  JR  ,  d^2  .  For  each  r  ,  0  <  r  s  2RQ  ,  let  Cr  and 
Dr  be  Borel  measurable  subsets  of  §(xQ  »2Rq)  ,  Cr  will  correspond  to 
sets  where  v  Is  "small"  and  Dr  to  sets  where  u  Is  "large".  Finally, 
let  Pz  be  the  projection  of  IRd  onto  the  hyperplane  {x  cm  :  x»z*0}  , 
zeF^.z/O  ,  Pz(IRd)  win  sometimes  be  casually  identified  with  Fd“^  . 
a(d)  will  be  the  d-dimensional  measure  of  the  unit  ball  in  IRd  . 


2.2.50  Proposition.  Assume  that  the  following  conditions  hold  for  all 
B(x.r)  c  B(Xq  ,  2Rq)  and  z  e  Fd,  .z+  0  . 

(2.2.51)  Hd*1(P2(CrnB(x,r)))  s  r*’1  , 


(2.2.52) 


<u(B(x,r))  sc14i(B(ii,r).Dp) 


(2.2.53) 


max  use, 
B(x,r)-Dr  1 


|e(x.r)  |«0-D/d)-l/q 


min  v 
B(x,r)-Cr 
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for  some  q  z  1  and  ,  c2  1 ndependent  of  r  ,  x  ,  z  ,  then  there 
exists  a  constant  c(d)  such  that 


(2.2.54)  If  X  Is  open  and  |B(xq»Rq)  -X|  z  j  |B(x0»Rq)|  ,  then 
tt1/q(XnB(x0,R0))  s  c(d)  c^  c2  Xn  BCxq.Rq))  . 


(2.2.55)  If  X  Is  open  and  X  c  B(xQ,R0)  ,  then 

o»1/q(X)  s  c(d)Cl1/q  c2  vd-1(3X)  , 
where  oi(E)  «  J  <o  and  vd_.j(E)*  j^vdHd_1  . 

The  abbreviations  max  ,  min  have  been  used  Instead  of  sup  and 
Inf  to  emphasize  that  It  Is  the  true  supremum  or  Inflmum  which  is 
Indicated  and  not  the  essential  supremum  or  Inflmum.  The  proof  of 
Proposition  2.2.50  will  be  deferred  till  later. 

Suppose  KclRd,  |K|  *  0  ,  d  z  2  ,  and  a  >  B  £  1R  .  Then 
let  a»(x)  ■  d1sta(x,K)  ,  v(x)  ■  dist®(x,K)  ,  and  A(t)  «  {x  e  Kd  : 
dlst(x.K)st)  . 


2.2.56  Theorem.  If  1  s  q  s  j-y  >  z  d+0  -1  ,  and  the  following 

conditions  hold  for  all  B(x,r)  c.  B(Xq.Rq)  and  z  e  lRd  : 

(2.2.57)  If  B>0  ,  then  Hd“1(Pz(B(xfr)  n  AU^r)))  s  rd_1 

i  2 

for  some  e-j  *  0  <  <  j  . 


(2.2.58) 


If  a  <  0  ,  then 
c<|  >  0  and  some 


co(B(x,r))  s  c1w(B(x,r)  -  A(e2r)) 


0  ^  *2  ^  2*  * 


for  some 


» 


with  ej  .  eg  t  and  Cj  Independent  of  r  ,  Rg  ,  x  ,  z  ,  Xg  ,  then 
there  exists  a  constant  c2  Independent  of  xQ  ,  Rg  such  that 

(2.2.59)  If  X  c  IRd  ,  then 

J/q(XnB(xQ,Rg))W(B(xQ,Rg)  -X) 

*  C2  R[a/q)"S  R<d/q)‘d+1  wCBCxQ.RgWv^^aXnBlxQ.Rg))  . 

(2.2.60)  If  X  c  B(Xq,Rq)  ,  then 

<u1/q(X)  s  c2  R(a/qi"e  Rgd^q^~d+1  Vd-T  (®X)  » 
where  Rfc  *  max{Rg  ,  dist(Xg,K)}  . 

In  addition.  If  1  2  £  >  1  \  *  i+^-1  and  CT(*)  “ 

d1stp^P”1^a(x,K)  a  v(x)p  ,  then  there  exists  a  constant  c3 

Independent  of  xQ  ,  Rg  such  that 

(2.2.61)  (j  |<Ht<o)1/t  s  c3  R^a/q)’0  R^d/q)"d+1  (|  |Vd>lP  o)1/P 
for  all  «  «  Cg(B(x0.Rg))  , 

(2.2.62)  (|b  |*  |b  dx»|  to»)  /  s  c3  R£a/q)'B  R*d/q)‘d+1  ^  |7^|P  0) 

for  all  $  €  C*(B(xn,2Rn))|  and  B  ■  B(xft,Rn)  . 

0  0  >b(o,r0)  0  0 

If  K  *  ^i»l  a  compact  C**  manifold  of  co-dimension  y^>  2, 

or  a  point  (Yj  -  d) ,  and  o>-yi,  i-l,...,n,  then  (2.2.57)  and  (2.2 


58) 
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are  satisfied  for  all  x  e  IRd  and  r  e  (0,»)  so  that  (2.2.61)  and 

(2.2.62)  hold  for  all  xQ  ,  Rg  .  In  addition,  If  Bp-(p-l)ct  >  -y  , 
then 

(2.2.63)  R^")'8  s  c4  <01/t(B(x0.R0))o-,''P(B(x0.R0))  R„ 

for  some  Independent  of  xQ  ,  RQ  . 

Remarks .  The  conditions  on  a>  ,  o  allow  o/ca  to  degenerate  to  zero 
on  K  and  also  q  may  be  chosen  arbitrarily  close  to  1  so  as  to 
allow  consideration  of  arbitrarily  large  p  . 

The  assumption  that  Is  a  compact  manifold  is  not  necessary  but 
merely  convenient.  The  conclusions  of  the  theorem  are  true  for  much 
more  general  sets  K  . 

The  specific  estimate  for  the  coefficient  R£°^“®  ^(d/q)-d+l  given 
In  (2.2.63)  Is  Important  since  Its  existence  will  lead  to  a  proof  that 
solutions  of  certain  differential  equations  with  degeneracies  of  the  form 
d1st°(x,K)  are  Holder-continuous. 

It  Is  first  convenient  to  prove  a  lemma  which  Is  a  generalization 
of  a  lemma  of  Federer  [FI]  which  he  used  to  provide  a  simple  proof  of  an 
Important  result  of  Gustln  [GU]. 

2.2.64  Lemma.  If  A  ,  B  are  compact  sets,  AuB  convex  with  diameter 
6  and  E  Is  a  Borel  set,  then 
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W^h'-'imi-ei  ♦  pgrrj. 


zjsfi 


Hd‘'  (PZ(E»  dz 


Proof  of  Lemma  2.2.64.  If  A  ,  B  are  compact  sets,  AuB  convex  with 
diameter  6  and  E  is  a  Borel  measurable  set,  then 


I A |  I B J  =  |J  xA(x)  XB(y)  dx  dy 

*  If  XA^  XB^X+Z^  dxdz 

■  [  |(x  :  x  e  A  ,  x+z  e  B}|  dz 


i'\  [  H^((x:  x  c  A  and  x*£+tz  for  some  t})dCdz 

J|zN«  JPz(AnB) 

s  «  f,  ,  Hd_1(P .(AnB)Jdz 
J|zj*6  2 

s  «  f,  ,  Hd_1(P  {{(AnB)-E)  uE))dz 
j|z|s6  Z 

«  «  f,  ,  Hd_1  (P  ((AnB)  -  E)  u  P_(E))dz' 

;|z|sd  z  i 

s  «  f  [Hd'V ,((AnB)-  E))+  Hd_1(P  (E))]  dz 
J|z|s6  2  2 

s  a(d)  6d+1Hd_1((AnB)- E)+  6  [  Hd_1  (P_(E))  dz 

'!zU« 


Dividing  by  «2d 


now  gives  the  result.  I 


Proof  of  Proposition  2.2.50.  Assume  that  (2.2.51),  (2.2.52),  and  (2.2.53) 
hold  and  that  X  is  open  and  |B(xq,Rq)  -X|  *  j  | B ( xQ , RQ ) |  . 

2.2.65.  Given  x  e  XnB(xQ,R0)  ,  3  r  ,  0  <  r  s  2RQ  ,  such  that 
lB(x,r)  nB(x0,RQ)n  X|  *  j  |8(x,r)  nB(x0,RQ)|  since 
|B(x,r)  nB(xg,R0)  nX|  is  continuous  In  r  ,  |B(x,r)  n B(Xq,Rq)  n X|  • 

|B(x,r)J  *  |B(x,r)  "B(Xq,Rq)|  for  small  r  and 
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|B(x,r)nB(x0,R0)nXi  -  |B(xQ,R0)nX| 


-  |B(x0,R0)i  -|B(x0,R0)-X| 
■  £  lB(x,r)  nB(xQ,R0)| 


for  r  «  2Rq  . 

Let  r*  *  r(l-e)  and  Rq  *  Rq(I-c)  for  small  e  so  that 
1 8(x»r ' )  n  8  (  Xq  »  Rq  )  nX|  *  j  f(e)  |B(x,r')  nB(xQ,R^)|  .where  f(e)  -*•  1 
as  e  -*■  0  .  Now  apply  (2.2.51)  and  Lenina  2.2.64  with  A  *  B(x,r' )  n 
B(x0»Rg)  n  X  ,  B  a  (B(x,r' )  n B(xg.Rg))  -  X  and  E  *  Cr  n  B(x,r' )  to 
get  that 


iB(x.r’)  n B(Xq.Rq)  n X]  [(B(x.r')  nB(xQ,R‘))-  X[ 


‘  4?|Hd-’((3Xn  BlxTr*")  nir^Rj'.:-  Cf)  +  ^  4^ 
o  Z  0 


for  6  ■  dlam  B(x,r' )  nB(Xg,Rg)  . 

A  simple  calculation  shows  that  6  s  2r  and 


(  m1n(r,R0)\d 
|B(x,r)  nB(x0,RQ)|  *a(d)^ - j-M 


*a(d)(J)  , 


so  letting  e  -►  0  It  follows  that 


|B(x.r)  nB(x0,R0)  ha,  |  (B(x,r)  n  B(x0,Rq))  -  X| 

|B(x,r)  n B(xQ,R0) |  lB(x,r)  nB(x0,RQ)| 

95d+l  j  ,  , 

S  3IT  Ha_,(OXnB(xfr)  nB(xn,Rn))-  CJ  +  -V  , 
a(d)r  '  0  0  r  23 

,  ,5d+l  j  , 

and  by  2.2.65,  5S- — -r-^  Ha"'((  3X  nB(x,r)  nB(xft,RJ  -  C)  ,  and 
8  a{d)r  0  v  r 

|B(x,r)|(d'1)/d  s  25d+1  a(d)‘1/d  Hd_1((  3X  nB(x,r)  nB(X(),R0))-  Cr)  . 

Using  (2.2.52)  and  (2.2.53),  It  follows  that 

»1/q(B(x.r)) 

s  c]/q  J/q(B(x,r)-Or) 

s  c|/q  max  |B(x,r) 1 1>^q 
1  B(x,r)-Or 

s  c]/q  c,  min  V  ]B(x,r)| ^d_1^d 
1  ^  Bfx.rJ-C,. 

s  25d+*  a(d)”1/d  cj/q  c,  min  v  Hd-1((3Xn  B(x,r)n  B(xn,Rn))-  C  ) 

‘  B(x,r)-Cf  00  r 

s  25d+1  a(d)'1/d  c]/q  c2  vd_1(3XnB(x,r)  nB^R^)  . 

Now  apply  the  Besicovitch  covering  lemma  [G]  to  find  F^  ,  1  »  1  ,  ,  m, 

each  Fj  a  collection  of  pairwise  disjoint  closed  balls  3  ,  B  *  B(x,r) 
as  above,  such  that  U  F^  Is  a  cover  of  X  n  B(Xq.Rq)  .  Since  m  can 
be  chosen  to  be  dependent  only  on  d  ,  It  follows  that  a>(X  hB(xq.Rq))  s 
ma»(  JL)  8)  for  some  1  . 

BcFj 

Let  Fj  ■  »rj)> j  so  that 
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a>1/q(X  n B(xq,R0))  *  m1/q  (  J  w(B(xj,rj)))1/q 

s  m1/q  l  «1/q(B(Xj.r^)) 

J 

s  .V«  2w+4  »(d)-1/d  cj^  c2 

^  vd_^(3X  nB(Xj,rj)  r>B(x0,R0)) 

*  c{d)  c]/q  c2  Yl(3XnB(x0,R0)) 

since  the  balls  B(Xj.r^)  are  pairwise  disjoint.  ' 

(2.2.55)  follows  almost  identically  since  given  x  e  X  ,  there 
exists  an  r  ,  0  <  r  s  2Rq  »  such  that  |B(x,r)  nX|  *  j  lB(x,r)|  . 

This  Is  true  since  B(x,r)  c  X  for  small  r  ,  and  X  £B(x,r)  and 
|B(x,r)nX|  *  |X|  s  |B(x0.R0)|  s  \  |8(x,r)|  for  r  =  .2Rq.  Lemma 
2.2.64  is  applied  with  A  *  B{x,r’ )  nX  and  B  *  B(x,r' )  -  X  .  A  short 
calculation  simpler  than  the  one  above  then  leads  to 

|B(x.r)|(<M)/d  s  2d+4  a(d)’1/d  Hd_1  ((  3X  n  B(x,r))  -  Cf)  , 

and  the  proof  is  concluded  as  above  with  the  exception  that  B(Xq,Rq) 
does  not  appear.  | 

Proof  of  Theorem  2.2.56.  Recall  that  A(t)  *  {x  e IRd  :  dist(x.K)  st)  . 

Let  C  -  A{e,r)  If  B  >  0  and  C  »  0  if  3  s  0  ,  and  let  0  « 
r  I  r  • 

A (e2r)  if  o  <  0  and  Dr  *  0  If  a  i  0  .  Assumptions  (2.2.51)  and 
(2.2.52)  now  follow  from  (2.2.57)  and  (2.2.58).  (2.2.53)  Is  verified 

as  follows. 

A 
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There  are  a  number  of  cases  to  consider,  depending  on  the  relative 
geometry  of  K  and  B(x,r)  and  the  sign  of  a  and  B  .  Assume 
B(x,r)  c  B(Xq,Rq)  ,  and  let  ^  *  dist(x,K)  . 


e1 


A.  If  r  <  \  r1 
<  j  ,  and  so 


,  then 


A(c^r)  n  B(x,r) 


0 


i  *  1,2  ,  since 


max  co 
B(x,r)-Dr 


min  v 
B(x,r)-Cr 


B. 


If 


then 


max  co 
B(x.r)-Or 


min  v 
B(x,r)-Cr 


J(H 

a  i  0 

1  _  a 

Q) 

a  <  0 

a  3rif 

|(-r) 

B  s  0 

ca ^ 

vrh 

B  >  0 

’  (3rf 

a  Jt  0 

.  ^ 

a  <  0 

f  (3r)8 

MO 

l  Ce.r)« 

B  >  0 

The  proof  of  (2.2.53)  is  virtually  identical  in  each  of  the  cases  so 
only  one  will  be  done  explicitly.  If  a  <  0  ,  0  >  0  ,  and  r  <  , 

then 
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0) 


max^q 

B(x,r)-D_ 


i 


min  v 
B(x,r)-Cr 


s 


s 


20-(a/q)a(d)(1/qHd*1)/dV{a/q^Br(d/q)'d+1|B(x,r)|((d‘1)/d)-1/q 

c  40/t,)'8  R<d/<,)'dtl  |B(x,r)t^d*^/d^-1^  Irtn  v 
*  u  B(x,r)-C 


min 

B(x,r)-C 


for  *  max{RQ  ,d1st(x,K)}  . 

Since  (2.2.51),  (2.2.52),  and  (2.2.53)  are  verified,  it  follows  that 
(2.2.54)  and  (2.2.55)  hold.  It  will  now  be  shown  that  the  assumption 
that  X  Is  open  Is  superfluous.  If  3XnB(x0,RQ)  has  positive 
d-dlmenslonal  measure,  then  (2.2.59)  holds  since  |K|.«  0  .  Otherwise 
assume  |aX  nB(Xg,RQ) j  *  0  .  Let  X'  «  Interior  X  In  which  case 
3X'  c  ax  and  |B(x0,RQ)-X|  -  |B(xQ,R0)  -  X' j  ,  so  if  |B(x0,RQ)-X|  * 

I  lB(VRo>l  »  then 

(2.2.66)  «1/q(X  nB(x0,R0))«  co1/q(X*  nB(xQ,R0)) 

s  cR^o/q^'e  R(d/^)-d+1  vdll(ax'  nB(x0,R0)) 
i  cR*o/q)"0  R(d^)-d+1  vd-1(3X  nB(xQ,R0))  . 


A  similar  argument  works  for  (2.2.55),  In  which  case  (2.2.60)  1$ 
proven. 

i 
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(2.2.59)  follows  directly  from  (2.2.66)  if  ( B ( )  -  X j  * 

|B(x0,R0)  |  since  oj(B(xq,R0)  -  X)  s  oj(B(x0,R0))  .  If  ( B(x0,RQ)  -  X|  s 
JB(x0,Rq) )  ,  then  let  X‘  *  B(x0,RQ)  -  X  so  |B(xQ,R0)  -  X' |  * 

^  j B ( xQ , Rq ) |  ,  and  (2.2.66)  implies  that 

J/q(X’  nB(x0,RQ))  s  c  R<a/q)‘B  R(d/q)‘d+1  v^OX*  nB(x0>R0))  . 

3X'  c  3X  so 

«1/q(XnB(x0,R0))<11(B(x0,R0)-X) 
s  a)(B(x0.R0))co1/q(B(x0,R0) -X) 

s  cR^o/q)-B  R^d/q)‘d+1  a>(B(x0,R0))vd_1(3XnB(x0.R0))  . 

w(B(Xq,Rq))  >0  since  |K|  ■  0  ,  so  let  X  »  a»  /co(B(x0,Rq))  .  If  v 
were  integrable,  then  (2.2.61)  and  (2.2.62)  could  be  proven  by  appealing 
to  2.2.41*  but  there  are  interesting  cases  when  this  Is  not  the  case. 

To  handle  these.  Section  2.1.0  Is  used  In  conjunction  with  a  direct 
proof  of  the  capacitary  conditions  involved.  It  will  first  be  proven 
that  a»1/q(A)  s  c24°/q^"0Rod/q^d+1  for  a11  level  set*  A  *  {$*0) 

♦  c  H  «  c"(8(xn,2R0))|  n  {*:  |V*|  cLp(v)}  , 

0  0  Ib(vV 

in  which  case  It  will  follow  from  Section  2.1.0  and  1.3.5  that  (2.2.62) 

Is  true  In  the  case  p  ■  1  and  t  ■  q  .  It  will  then  be  shown  that 
(2.2.62)  holds  in  general. 


Given  A  ■  {$*0}  for  some  $  «  H  ,  pick  $  t  H  with  $  &  0  on 


A  . 


»’/<,(A)X({*i«)  s  oVq(C*<t))  x(8(xq,R0) -{*<«) 

2  K  0  Ja{i< 


v  dH 


d-1 


3{$<t}r\B(x0,R0) 


for  all  t>0  ♦  recalling  that  the  domain  of  \|>  Is  B(xq.Rq)  .  It  Is 

claimed  that  y*(t)  *  [  v  dHn-1  a.e.,  so  using  the  1n- 

♦  J3{«<t)nB(x0,R0) 

finite  arithmetic  conventions  In  1.3.5  It  Is  seen  that 


«V<I(A)  s  c2  r'0^'-6 


„(d/q)-d+l 

Ro 


Inf 

tc(0,») 


%(*> 


Taking  the  Inflmum  over  all  such  $  gives 

J'V)  s  c2  R^/q)-6  K*  ,(A)  . 

Theorem  1.3.5  states  that  K^fA)  *  Chj(A)  ,  so  (2.2.61)  holds  by 
Theorem  2.1.17. 

To  prove  the  claim  use  the  co-area  formula  to  get  that 


J(E)  •  f  X  _i  N|  v 

>  J  *  (E)nB(x0,R0) 


1e 


v  dHd-1  dt 


3{i|»<t)nB(x0,R0) 


for  E  c  IR*  .  These  Integrals  are  defined  and  finite  since  « 
|P(v)  and  v  can  be  realized  by  a  polntwlse  everywhere,  monotone 
Increasing  limit  of  bounded  functions.  This  means  that 


1 


I 


3{^<t}n8(xQ,Rg) 


v  dH4^  Is  locally  Integrable  so  that  y*( t)  * 

V 


v  dH 


d-1 


a.e.  as  required. 


J3{Tp<t}nB(x0,R0) 

A  similar  proof,  using  the  capacity  ^  ,  establishes  (2.2.61) 
for  the  case  p  =  l  and  tsq  . 

To  prove  (2.2.62)  In  general  it  is  necessary  to  prove  the  t  *  q  , 
p  «  1  case  for  <j>  replaced  by  (<j>+)“  =  X^q)  4>a  for  ail.  To  do 


this  choose  a 


C  smoothing  (fn>  of  f(x)  » 


X(xi0)  x  such  that 
fn  -  f  uniformly  and  f,;  -  X{x20}  with  0  s  f '  s  X{xi0}  •  lt  is 

clear  that  f^($)  ($+)a  in  lJ(<o,fl)  and  L^aj.ft)  so  that  substitut¬ 

ing  f^(d>)  in  (2.2.62)  with  t  a  q  ,  p  *  1  ,  and  then  taking  limits. 

It  follows  that  (2.2.62)  holds  with  ($+)a  instead  of  <f>  .  The  same 
Is  true  for  (<T)°  *  X{(^0}  • 

One  additional  calculation  is  necessary.  If  a  and  b  are  non¬ 
negative  and  ail,  then  |a-b|a  s  |aa-b°|  since  If  a  is  the 
largest  of  the  two,  then  a  *  8b  for  some  8  ,  0  s  8  s  1  ,  and 
|a-b|a  «  (1  -8)aaa  s  (1  -8a)aa  »  |a°-bal  .  It  will  also  be  used, 
for  B  *  B(Xq,Rq)  ,  that 


1  /s 

(siIT  J,  |u(x)  fB  u(y)  “<y)  dy|S  “(x)  dx) 

4  (j!bt  fB  {zm  IB  |u(x)  'u(y)l  “(y)  dy)s  “(x)  dx)/ 

4  (iot  £  IB  |u(x)  '^Ibt  i  u(z)  •(,)  dz> u(y)  dy)s  "(x)  dx)/S 

+  (5jWB(siWB  |u(y,'3iWB  “(*)“(*) >»*l “ty) <Jy)so>(*> dx)/S 
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"  |B  lu(x)‘^lW  jB  «(2)«(2)dz|S  «(*)  d*)  7 

so  that  the  first  two  Integrals  are  comparable.  Now  let  a  *  ^  1  and 
let  u(x)  *  4»(x)  -  |  4>(y )  w(y)  dy  so  that 

(}  \u\l  a>(x)  dx)1/q 

*  (£  lu(x)  -  |  u(y)  ft){y)  dy]1  a>(x)  dx) 

S()b  (w(V  fB  _u*y^  dy)t  dx) 

1  ^ 

*  IB  ~u*y^a  ^  dy)q  ®w dx) 

s  ^  HI  (m^T  fB  lu+^x)  -u+(y)l°  »(y)  dy)q  “(*)  dx) 

♦  (£  (m(IT  iB  "u"^y^a  w(y)  dy)q  dx)  q] 

*  20-1  KJg  (siy  Jg  l<u+<x»a-  («+(y))aU(y)  dy)q  Mdx)1/q 

+  Uu’(x))°"  (u’(y))°l  «(y)  dy)q  w(x)dx)  q] 

*  2<X  Kjg  ^u+^x^a‘  jB  dyiq  “(*)  dx)/q 

♦  (£  |(u'(x))°-  ^}B  (u"(y))aw(y)  dy|q  w(x)  dx) 
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*  c4°'q)'6Rld/<')'d+1  tf  |7(u“)|v  +  f  |7<u°)|v) 

K  0  J Bn(u>0}  'Bn{u<0) 


-  C  Q )”6  R(d/q)-d+1 
K  0 

s  CRj[a/q^6  RJd/d)-d+1 


f  |u 

JB(x0,R0) 

(}  M(a-1)P‘ 


a_1  I Vu|  v 

W  r  ,  D  Vp 

a)  (J  ! Vu j p  a) 


It  Is  easily  seen  that  (a-l)p'  3  t  ,  =  \  »  and  Vu  3  v<j>  so  that 

(i  '♦■=&£  ^|t  “),/t  S  cRK0/,,,'e  R0d/q)'d+1  <1  l*lP  °)VP  • 

To  prove  (2.2.61)  let  $  3  ua  for  a  *  ^  so  that 

<f  sc  c2R<o/!|)-fi  R'd/q)-dtl  (f  luf1  |7u|  v)  . 

and  so  (2.2.61)  follows  after  using  Holder's  inequality. 

If  K  ■  Mj  a  compact  C2  manifold  of  co-dimension 

or  a  point  (y^  ■  d)  then  it  is  routine  to  show  that  there 
exist  Cq  ,  rg  ,  €q  >  0  such  that 


(2.2.67) 


l<d"1(B(x,r)  nB(t))  s  cQ  rd*Y  tY-1 


for  0^r<rQ  ,  t  <  e0r,y  ■  Min  y^andB(t)  » {x  €  IRd  :  d1st(x,K)*t)  .  This 
will  be  used  to  verify  (2.2.57)  and  (2.2.58)  for  all  x  «  JRd  and 
r  <  (0,«»)  and  (2.2.63). 
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Assume 


2  dlam  K 


1/d-l 


.  Let  r* 


for  C  -  -t£a  - 

V2Sd  4  a(d-l)  1 

dlam  K  +  e^r  so  If  s  j  ,  then  A(e^r)  c  B(x',r') 

and 


m 


for  x'  €  K 


Hd“1(P2(B(x,r)  nA(£lr)))  s  H6'}  (P^A^r))) 

*  Hd‘1(P2(B(x*,r*))) 
s  Hd”^(P2(B(x' ,cr))) 
s  a(d-l)(cr)d*^ 


rd" 

33+4  r 


1 


as  required  in  (2.2.57). 

If  r  s  rQ  ,  t  s  eQr  ,  and  a  >  -y  ,  then  the  co-area  formula  im¬ 
plies  that 


(  2.2.68)  f  d1st°(x,K)  dHd  -  [*  s°  Hd_1(B(x,r)  nB(s))ds 

JB(x,r)nA(t)  A) 

*  Cq  rd_Y  [*  s0*'-1  ds 

‘  £  ^  t0+Y  • 


2.2.69.  By  covering  K  with  a  finite  number  of  balls  of  radius  less 
than  ^  and  applying  (2.2.68)  with  a  •  0  ,  It  Is  clear  that  there 
exists  c'  ,  tQ  >  0  ,  such  that  jA(t)|  s  c'  tY  for  t  s  tQ  . 


If  x1  t  Pz(A(t))  ,  then  choose  Xg  e  A(t)  such  that  Pz(x2 )  * 
x1  .  P’1(x1)  n A(2t)  contains  a  line  segment  of  length  2t 
since  any  point  within  a  distance  of  t  from  Xg  is  In  A(2t)  , 
so  2tHd_1  (Pz(A(t)))  s  |A(2t)|  s  c‘  2YtY  and  Hd-1  (Pz(A(t)))  s 
c‘  2y_1  tY_1  for  t  s  tQ/2  . 


If 


<  r  < 


2  dlam  K 


and 


t0  c 


el  *  4  dlam  K 


then 


Hd‘1(Pz(B(x,r)  nA(re1)J)  s  H^V^Afr^ ))) 


£  C* 


2  dlam  K 
c 


so  that  for  small  enough  It  follows  that 

H  1(Pz(B(x,r)  nA(re-j)))  s  ^gd+3  r0  1  s  25d+4  ^  1  * 

r 

Finally,  (2.2.57)  will  be  verified  for  r  s  .  If  x-j  « 
P2(B(x,r)  nA(re1))  and  s  min{l/2  ,eq/2}  ,  then  P^x^)  n 
B(x,(l+2E-|)r)  n  A(2re1)  contains  a  line  segment  of  length  2re1  . 
Using  (2.2.68)  with  a  ■  0  ,  it  now  follows  that 

2rt}  Hd“Vz(B(x,r)  nAfre,)))  s  Hd(B(x,2r)  nA(2re1))  s  ^  2d  e{  rd 


and 

Hd‘1(PI(B(x.r)  nA(rc,)))  s  ^  2<**1c‘p1 
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It  Is  now  clear  that  (2.2.57)  Is  verified  for  a  sufficiently  small 
choice  of  . 

Let  X0(x)  -  d1st°(x,K)  and  X0(E)  *  j  Xq(x)  dx  .  It  will  be 
shown  for  o  >  -y  that 

(2.2.70)  c"1  Xa(B(x,r))  s  maxa(r  ,  d1st(x,K)}rd 

*  c  Xa(B(x,r)  -A(c2r)) 


for  some  c  ,  e2  >  0  Independent  of  x  and  r  .  (2.2.58)  then  follows 
by  setting  o  ■  o  .  Also,  considering  o  *  p6  -(p-l)a  ,  It  follows  that 
If  P8  -(p-l)a  >  -y  In  addition  to  a  >  -y  »  then 


*0  «Vt(B(x0.R0))  c',/P(8(x0.R0)  X  c  R-st(P-l  Wp  r^/P 

■  cR^o/q^‘6  ^(d/q)-d+1 


so  (2.2.63)  Is  verified. 

The  proof  of  (2.2.70)  will  be  broken  down  Into  a  number  of  cases. 
First  consider  the  case  where  r-j  >  2r  for  r^  *  dlst(x.K)  .  An  easy 
calculation  shows  that 


(r,+r)° 

0  2  0 

o  <0 

on  B(x,r)  ,  so  X0(B(x,r))  s c  max0^ .r)rd  .  Similarly  It  Is  seen  that 


F 


X0(B(x,r))  2  c  max°{r1,r}rd  .  If  e2  s  1  ,  then  B(x,r)  n A(e2r)  *  0 
so  Xa(B(x,r) -A(e2r))  a  c  maxa{r1  ,r}rd  . 

If  r^  s  2r  and  r  *  rQ  ,  then  it  follows  from  (2.2.68)  that 

c  rd+0 

X0(B(x,r)  nA{eQr))  s  0  -+ c°--  • 

Also, 


Xa  * 


(3r)c 


'  <eor>c 


a  i.  0 
a  <  0 


on  B(x,r)  - A(£Qr)  ,  so 


X<y(B(x»r))  s 
s 


s 


X<j(B(x»r)  -A(e0r))  +  Xa(B(x,r)  nA(eQr)) 


c  r 


.o+d 


c  roax°{r1  ,r}rd  . 


If  e2  s  6q  ,  then  jB(x,r)  nA(e2r)|  s  c  e2  rd  so  if  e2  is  small 
enough,  then  ]B(x,r)  -A(e2r)|  s  c  rd  .  Now  considering  the  two  cases 
a  <  0  and  o  *  0  separately,  it  follows  that 

X0(B(x,r)  -A(e2r))  *  c  rd+a  *  c  maxa{r^,r}rd  . 

Covering  K  with  balls  as  in  2.2.69  and  using  (2.2.68)  it  follows 
that  there  exists  tQ  >  0  such  that  Xa(A(t))  s  c  t0+Y  for  t  s  tQ  . 

!  If  rQ  <  r  s  2  diam  K  ,  then 

I 
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A0(B(x,r))  s  Xo(B(x,r)  -a(2  d°am  K))  +  diam  K  '' 


s  c(r<Ho  -  t^) 


s  c 


(■•*) 


d+o 


s  c  max°{r1>r}rd 


As  In  2.2.69,  |A(t)|  s  c  tY  for  t  s  tg  ,  so  If  e2  s 

tg(2  diam  K)"1  ,  then 

|B(x,r) -A(e2r)|  a  |B(x,r) |  -  |A(e2r) | 

2  a(d)  rjj  -  c  e2  (2  diam  K)Y 

and  so  for  e2  small  enough 

|B(x,r)  -A(e2r)|  a  c(2  diam  K)d 
a  c  rd  , 


and 

X0(B(x,r) -A(e2r))  2  c ra+d  a  c  max°{r^ ,r)  rd  . 

Finally,  If  r  >  2  diam  K  ,  then  for  some  x*  c  K  use  polar  coordinates 
to  get 
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*0(B(x,r))  <;  Xa( 8 ( x '  ,  2  diam  K))  +  \o(B(x',4r)-  B(x '  ,  2  diam  K)) 

s  c (( 2  diamK)d+0  +  s0+<M  ds 

J2  dlamK 

d+a 

s  c  r 

s  c  max°{r.j  ,r}  rd  . 

Also,  A(e2r)  £B(x‘.r')  for  x'  e  K  and  r'  *  diam  K+e2r  *  so 
If  e2  s  ^  ,  then  r'  s  |r  .and  |B(x,r)  -A(e2r)|  2  a(d)(l  -  ( |)d  )rd  , 
so 

Aa(B(x,r)  -  A (e2r))  ;►  c  max°{r1,r}rd  .  | 

The  Euler  Equation  for  Capaci tary  Extremals  and  a^  Mirtinqer  Inequality 
The  CH-capacitary  extremal  for  E  c  $1  satisfies  a  degenerate  dif¬ 
ferential  equation.  This  can  be  used  to  develop  an  interesting  sufficient 
condition  for  a  special  case  of  inequality  (2.2.46).  This  is  motivated 
by  a  paper  of  Meyers  [MY1]. 

If  (u,Vu)  €  wj,p(n)  and  y  is  a  finite  positive  Borel  measure, 
then  It  Is  said  that  (u.Vu)  satisfies  -div(v  |Vu|p~2  Vu)  *  y  weakly 
If  j  V$  •  Vu  |Vu|P  2  dv  »  j  $  dy  for  all  #  e  Cg(fi)  .  The  convention 

*  *  «  O 

0  ••  *  0  Is  used  for  |Vu|p”d  Vu  if  1  s  p  <  2  . 

2.2.71  Proposl tion.  Assume  1  <  p  <  •  and  Inequality  (2.2.42  )  holds, 
with  p*q.  If  Ecfl,  E  compact  ,  and  0  <  C^(E)  <  «  for 
H  ■  Cq (fj )  ,  then  there  exists  a  finite  positive  Borel  measure  y  supported 
on  BE  such  that  y(n)  -  CH(E)  and  y(F)  »  0  if  CH(F)  *  0  and  F  is 
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Borel  measurable.  Also, 


(j  a  dp|  s  c(j  |Vo|p  dv  +  J  |ojP  dv) 
for  all  a  e  C*(fl)  and  c  *  C^P“^P(E)  max{dist-1 (E,3n)  ,1}  ,  and 
-div(v  |vu|™c  Vu)  *  u  weakly 
If  (u.Vu)  is  the  capacitary  extremal  of  E  . 


Remarks .  A  weaker  notion  of  Sobolev  space  can  be  developed  which 
admits  much  of  Proposition  2.2.71  without  assuming  the  Poincarfc  in¬ 
equality  (2.2.42). 

The  dependence  of  c  on  dlst(E.aft)  can  be  removed  in  the  non- 

welghted  case  if  an  alternate  capacity  is  used. 

Using  Lagrange  multiplier  techniques  it  can  be  shown  that  C_ 

H 

capacitary  extremals  of  compact  sets  satisfy  a  similar  differential 
equation. 


Proof.  Let  (u.Vu)  be  the  capacitary  extremal  of  E  which  exists 
by  (2.2.33)  and  (2.2.34),  and  let  F(t,o)  *  j  |Vu+to|p  dv  for 
t  c  1R  and  o  c  C^(fl)  •  By  the  mean  value  theorem  if  x  ,y  €  IRn  » 
then 


.  p  |xn*y|p’2(xn*y) -y 

for  some  t*  between  0  ,  t  ,  where  the  convention  0  ■  0  is  used 

for  |x+t*y|P~*  (x+t*y)  If  1  <  p  <  2  and  x+t*y  ■  0  .  It  is  clear 
then  that 


|7u+t7g|P  -  WP  *  p  |T„|P-2  7u.  Vo 

v  almost  everywhere,  the  difference  quotient  being  dominated  by 
p(|7u|  +t  |7a|)P"^  1 7a |  ,  which  is  seen  to  be  in  LP(v,fl)  by  using 
Holder's  inequality  and  recalling  that  |7cj  has  compact  support  and 
v  is  locally  finite.  From  the  dominated  convergence  theorem  it  now 
follows  that 

(2.2.72)  4r\  »  11m 

^'t-O  t*0  z 

*  p  J  |7u(P  2  7u  •  Vo  dv  . 

2.2.73.  If  u+to  2  1  quasieverywhere  on  E  ,  then  by  Proposition 
2.2.30  it  follows  that 


F(0,a)  ■  |  j7u|p  dv 

- 

£  |  jVu  +  t  7a|Pdv 
■  F(t,a)  . 

If  o  2  0  and  t  2  0  ,  then  u+to  2  1  quasieverywhere  on  E  and 

(2.2.74)  0  £  4t|  ®  p  f  |7u|P‘2  7u  •  7o  dv  . 

at,t«0  I 

let  T(o)  ■  J  |7u|p-2  7u»7a  du  for  a  «  Cq(H)  .  By  Holder's  inequality 
It  follows  that  |T(o) J  s  C<P“1)/P(E)(J  |7a|P  dv)1/P  ,  so  that  T  is  a 
distribution.  From  (2.2.74)  it  follows  that  T  is  positive,  and  so  T 
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Is  a  locally  finite  positive  Borel  measure  y  on  G  ,  that  Is, 

|  |7uJp  2  7u  •  7o  dv  ■  j  a  dy  and  so  -d1v(v  |7u|p~27u)  *  y  weakly. 

If  the  support  of  a  c  ft-E  ,  then  for  aqy  t  «  1R  ,  u+to  a  1  quasi - 
everywhere  on  E  and  so  T(o)  ■  0  by  (2.2.72)  and  2.2.73,  but  then 
y  Is  supported  In  E  and  so  Is  finite  since  E  Is  compact. 

If  Kelt  Is  compact  and  CH (K)  »  0  ,  then  choose  e  C^(n)  such 
that  ^  2  1  on  K  and  J  |7$njp  dv  ♦  0  so 

y(K)  s  |  4>n  dy 

*  1 |7u  p“2  7u  •  7<t>n  dv 

ft  .  □  D  J/P 

<(j|7ujpdv)  (j  NnlP  dv) 

-  0  . 

If  FcQ  Is  Borel  measurable  and  C^(F)  *  0  ,  use  the  regularity 
of  y  to  choose  Kn  c  F  ,  Kn  compact  such  that  y (Kn)  -*■  y(F)  . 

CH(Kn)  s  CH<F>  *  0  so  v(Kn)  *  0  as  above,  and  therefore  y(F)  «  0  . 

Choose  <frn  «  Cq(q)  such  that  <j>n  -*«  u  In  wj’p(n)  .  As  In  the 
proof  of  Proposition  2.2.7,  the  can  be  chosen  to  be  uniformly 
bounded  and  by  (2.2.23)  they  can  be  chosen  to  converge  polntwise  quasi - 
everywhere  to  u  .  Therefore 


judy»11mj<&ndy 
*  * 

■  11m  f  J7u|p'2  7u  *7*  dv 
n-**»  i  " 

»  J  |7u|p  dv  •  Ch(E)  . 
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If  E  Is  compact,  then  since  u  a  1  quasi  everywhere  on  E 


and  y  is  supported  on  E  ,  it  follows  that  y(n)  ■  y ( E)  ■ 

J  u  dy  •  C^(E)  .  Otherwise  use  Proposition  2.2.15  to  choose  Kn  c  E 

such  that  Kn  c  <n+1  and  Cw ( Kn )  ^  CH(E)  .  If  un  is  the  capacitary 

extremal  for  K  and  u  the  associated  measure,  then  an  application 

n  n 

of  Clarkson's  inequalities  as  in  the  proof  of  (2.2.30)  implies  that 

the  un  are  Cauchy  in  Wg’P(n)  .  By  (2.2.32)  there  exists  a  u  « 

wj*p(n)  ,  u  quasicontinuous  and  a  subsequence  {n^}  such  that 

u  -*■  u  in  wl’p(o)  and  pointwise  quasi  everywhere.  CU(E)  a 
n.j  u  n 

lim  CH(Kn)  s  CH  ( (J  Kn )  CH(E)  s  |  i?u|P  and  u  *  1  quasi  everywhere 

on  u  Kn  »  since  Kr  c  *n+l  ,  so  u  is  a  capacitary  extremal  for  y  Kn 
but  u  is  as  well,  for  similar  reasons  so  u  *  u  in  Wq’p(o)  by 
(2.2.34),  and  so  un  -►  u  .  Choose  o  «  C*(n)  with  a  *  1  on  t 
so  that 


Ch(E) 


11m  Ch(K  )  =  11m  y  (K  ) 
H  n  n+*  n  n 


11m 


Jo  dun 

I  iVu/'2 

j  |7U|"-2 

[  o  du  •  u(£)  • 


11m  |  !VuJr  -  Vu„  •  Vo 
n 


Vu  •  7o  dv 


To  complete  the  proof  that  y  is  supported  In  3E  consider 
1  as  2.2.5  so  that  (h_„j(u)  ,X{u<jj  ?u)  «  Wg,p(fl)  .  It  is 
clear  that  this  is  quasicontinuous  by  inspection  of  the  proof  of  2.2.5. 


Also  h  ,{u)  ■  1  quasi everywhere  on  E  ,  so 

>  i 

ch(e)  s  J  l*<u<n 7u|P  117 

t  f  |vulp  dv  -  Ch(E)  , 

therefore  7u  »  0  ,  v  almost  everywhere  on  {u*l}  .  Since  u  may  be 
chosen  to  be  one  everywhere  on  E  by  (2.2.33),  it  is  seen  that  7u  =  0 
v  almost  everywhere  on  E  . 

Choose  on  «  <^(n)  .  n  *  0 , 1  , 2  ,  ...  such  that  0  s  an  s  1  , 

0q  *  1  on  £  ,  on(x)  *  Og(x)  for  x  e  n-  interior  E  and 

11m  0  (x)  ■  0  for  x  «  interior  E  . 
rn«  n 

u(3E)  *  11m  [  on  du 
rv»  i 

-  11m  J  |Vu|p"2  7u  •  Von  dv 

»  11m  |  J7u|p”2  7u  '70g  dv  since  7u  *  0  , 
rH*°  v  almost  every¬ 

where  on  interior 
of  E 

■  |  0  dy  ■  y(l)  . 

Finally,  given  0  <  C*(n)  ,  choose  #  such  that  $  e  Cg(n)  , 

0  i  $  s  1  ,  and  $  »  1  an  I  . 

(j  0  duj  ■  j|  04  dy| 

■  l|  |Vu|P~*  7u  *7(o$)  dvj 
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s  (f  |tti|p  dv)(p  1)/P  (J  (|7a|p*p  +  f^lP  |a|p)  dv)VP 
s  max{l  ,sup|7*|)  C,JP'1)/P(E)  (J  (|7o|p  +  |a|p)  dv)1/P 

and  a  £^(n)  smoothing  of  1  -  along  with  a  limiting 

process  gives  the  necessary  constant.  ■ 

2.2.75  Proposition.  Assume  (2.2.42)  for  some  q  *  p  *  1  ,  X  *  «  ■ 
v  >  X(q)  •  1  .  If  T  is  a  linear  functional  on  C*(Cl)  n  W1,p(n) 
such  that  |T(j»|  s  c^  (j  |7$1P  dv  +  J  |$|p  dv)^p  and  T{1)  *  1  ,  then 

(j  h-m>iq  *.)Vt|  s  c2 1|  ]v*ip  ,m'/p  . 

Proof.  If  <j>  e  C*(n)  ,  then 

(J  (♦  -T{*)|p  <h,)1/q  s  (J  |*. |  ♦  dv|q  dv),/q 

♦  (j  m-J  *  dv)|q  dv),/q 
s  c  (J  |7*|p  dv)1/p  *  ITU-J  *  d»)| 

since  v(O)  *  1 

i  e  (|  |70|p  dv),/p 

♦C,(J(|V*|P  +  |t- |  ♦*)|P)  du),/P 
s  c  (j  |7»|p  dv)1/P  .  ■ 

2.2.76  Proposition.  Assume  1  <  p  <  •  ,  X  *  <u  •  v  ,  X(n)  »  1  ,  In¬ 
equality  (2.2.46)  holds  for  q  ■  r  ,  and  Inequality  (2.2.42)  holds  for 
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q  *  p  .  If  Ecfl,  E  compact  and  0  <  CH(E)  <  ®  ,  then 

(|  !♦  “|  ♦  dp|r  dv)1/,f  s  c1  (j  i Vd» I p  dv)^p 

for  all  <p  €  c"(ii)  f  where  p  Is  the  measure  associated  with  E  as  In 
Proposition  2.2.71  and  c^  *  c(l  +  maxUlst"1  (E,3fl)  ,1}  C^P(E))  . 
Consequently  If  <j>  e  C*(n)  and  4>  -  0  on  E  ,  then 

(|  |*|q  dM),/q  S  C,  (J  |V,f,|P  dv)1/P  . 

<(>  dp  and  use  Propositions  2.2.71  and 

2.2.75.*  I 

Boundary  Values  for  wj,p  Functions 

The  following  proposition  Is  a  generalization  to  weighted  spaces 
of  a  result  of  Bagby  [BG]. 

2.2.77  Proposition.  Suppose  n'  c  ]Rd  is  open  and  bounded,  S'  c  n  , 

and 

(2.2.78)  |  l*)p  d»  s  c  |  |V4>|P  dp 

for  all  *  €  tjj(a)  . 

If  (u,Vu)  £  Wq*p(£i)  ,  u  Is  quaslcontlnuous  and  u  ■  0  quaslevery 
where  In  n-fl*  ,  then 

'"•^)7u)|n. 

and  Is  quaslcontlnuous  with  respect  to  n‘  .  If  In  addition  vu  ■  0  , 
v  almost  everywhere  on  {u»0}  ,  then 


Proof.  Let  T(<j>)  *  C”1  (E)  J 
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(u.Vu)|  €  w!’P(n')  . 

ifl.  0 

Proof.  At  first  It  is  assumed  that  |u|  <  M  <  «*  .  Inequality  (2.2.78) 
Implies  as  in  Proposition  2.2.41  that  <o(E)  s  c  C^CE)  for  Borel  sets 
E  c  n  and  H  =  Cq(o)  ,  so  a  Borel  set  of  zero  capacity  always  has  zero 
(a  measure. 

2.2.79.  It  is  clear  then  that  u  may  be  altered  on  a  set  of 

capacity  zero  so  that  u  *  0  everywhere  on  O-n’  .  By  Definition  2.2.20 
u  is  still  quasi  continuous  and  there  exist  $n  c  Cg(a)  such  that 
$n  u  In  wj*p(n)  and  pointwise  quasi  everywhere.  As  In  the  proof  of 
2.2.7  the  $n  can  be  chosen  so  that  |$J  <  M  . 

2.2.80.  By  2.2.5  and  2.2.4  there  exist  ffl  e  C"(IR)  with  0  s  fn(x)  5 

x+  and  a  subsequence  nm  such  that  if  <t>m  *  fm($n  )  »  then 

m 

(u+  »X{u>o}  Vu)  wj* p(n)  .  Since  $n  -*■  u  quasi everywhere,  it  fol- 

m 

lows  from  2.2.4  that  4>n  ■*>  u+  quasi  everywhere. 

2.2.81.  Therefore  (u+  »X{u>g})  quasicontinuous  (with  respect  to 
ft  ).  The  will  be  used  to  construct  a  sequence  (un)  in  wj*p(n) 
such  that  u.  sO  on  O'  -c„  ,  where  c„  c  n*  is  compact,  and 

(u  rVun)  •*  (u+  tX(u>g}  7u)  in  wj,p(fl)  •  Using  this  it  will  be  shown 

«»t  <»*.x{u>0)  "<>1,  *  «o'P(n-)  ' 

W  d  •  * 

Choose  a  bounded  open  set  0"  c  IR  such  that  fl*  =0"  and  ft"  c  n  . 

In  addition  choose  p  <  Cg(fl)  such  that  0  s  p  s  1  and  p  *  1  on  a"  . 
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2.2.82.  Given  e  >  0  ,  pick  m  s.t.  5<j>n  u 

n  i  m  .  and  choose  N  ,  N'  open  such  that  an'cN,  NcN  ,  S  cfi  , 

and 

(2  2  831  [  !VulP  *  <  £  * 

(2‘2-83)  Vn(u>0} 

This  can  be  done  since  u  *  0  on  o  -O'  and  so  in  particular  on  »'  • 

2.2.84.  Choose  a  >0  such  that  M i  ,2ia  ’  °  SpB  i  <  *  *  ^  ****** 
0£  c-(H*)  such  that  o*l  on  N.  The  *n  converge  v  almost 

everywhere  to  u+  since  v  is  absolutely  continuous  with  respect  to 

w  so  arguing  as  in  the  proof  of  2.2.7  it  follows  that  o*n  -  ou  in 


*0 

{n 


a>  so  arguing  as  «n  w.c  — 

Hl.e(N.)  so  by  2.2.19  If  H'  -  .  thoo  for  some  subsequence 

i  )  .  the  of  converge  uniformly  off  open  sets  of  arbitrarily  small 
J  capacity"1  Let  I  -  U.r:  ♦„,<*>  ■*  ^(x)l  .  Since  u  Is 
quaslcontlnuous  with  respect  to  n  .  It  follows  that  C„(E)  *  0  for 
H  »  Cxa)  and  (2.2.35)  Implies  that  C^.U)  *  0  .  Since  E  Is  con 
talned  In  open  subsets  of  IT  with  arbitrarily  small  C„,  capacity. 

U  follows  that  the  o*  converge  uniformly  to  ou  off  open  subsets 
Of  N*  of  arbitrarily  small  CH,  -capacity.  Let  S  be  an  open  sub 
of  r  such  that  C^(G)  <  c  and  M  -ou*|  s  |  In  «'  -« 

,a,  .  On  *1,  u+  *  0  «<  P-a-l.so  V"P -  5“-G' 

,n  which  case  ♦  -op  <  0  on  an  open  set  with  ■ 

Let  M  be  a  capacltary  extremal  for  S  relative  to  C0(lt  )  as  In 

(2.2.33)  such  that 
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<  e  for  all 


2.2.82.  Given  e  >  0  ,  pick  m  s.t.  1$  -u+|L  „.n 

n  I  »p»« 

n  a  m  ,  and  choose  N  ,  N'  open  such  that  an'  £  N  ,  N  c  N*  ,  S'  c  n“  , 
and 

(2.2.83)  f  jvu|p  dv  <  c  . 

*N'n{u>0} 

This  can  be  done  since  u  *  0  on  n-n‘  and  so  in  particular  on  an*  . 


2.2.84.  Choose  a>0  such  that  flapf,  a  a  Q p{| n  9  <  e  ,  and  choose 

a  t  Cg(N')  such  that  a  *  1  on  N  .  The  $n  converge  v  almost 

everywhere  to  u+  since  v  is  absolutely  continuous  with  respect  to 

oi  so  arguing  as  in  the  proof  of  2.2.7  it  follows  that  o<J>  ou+  in 

n 

wJ,P(N')  and  so  by  2.2.19  if  H'  *  Cq(N')  ,  then  for  some  subsequence 

{n.}  t  the  converge  uniformly  off  open  sets  of  arbitrarily  small 

n1 

Cul  capacity.  Let  E  *  {xeN':  <b  (x)  -fr  u+(x)}  .  Since  u+  is 

ri 

quaslcontlnuous  with  respect  to  n  ,  it  follows  that  CM( E)  *  0  for 
H  ■  Cg(n)  and  (2.2.35)  implies  that  , ( E )  *  0  .  Since  E  is  con¬ 
tained  In  open  subsets  of  N'  with  arbitrarily  small  C capacity. 

It  follows  that  the  a<t>  converge  uniformly  to  au+  off  open  subsets 

n1 

of  H'  of  arbitrarily  small  C^,  -capacity.  Let  G  be  an  open  subset 


N'  -G  for 


of  N'  such-  that  fy,  (G)  <  e  and  Jo$n  -au+j  s  j  in 

+  ^ 

111  .  On  30  ,  u  *  0  and  p  ■  o  *  1  ,  so  -op  s  -*■  on  an  -  G  , 

a  n.j  c 

In  which  case  $  -op  <0  on  an  open  set  H  with  an-G  e  H  . 

n1  "l  n1 

let  W  be  a  capacitary  extremal  for  G  relative  to  Cq(N')  as  in 

(2.2.33)  such  that 
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(2.2.85)  OsWsl  ,  W  *  1  on  G  ,  and  J  |VW|pdv  =  C  w ,  ( G)  <  ep  . 


Let  V  «  (<f>  -ap)(l-W)  ,  where  i  >  i  and  n.  a  m  so  V  s  0 

n.j  a  i 

on  ufi  and  V  e  wj,p(n)  by  2.2.9.  Using  (2.2.78),  2.2.82, 
(2.2.83),  2.2.84,  and  (2.2.85)  it  follows  that 


ly-U\piO  5  K,  -“ll.Pili  +  W|,,a  +  !<♦„, 

i  U  *  (C+1),/P  (|  |7[(*  -ap)U]|p  dv),/P 

1/P 

s  2e  +  (c+l)1/p  (m  +  j^jr jTwj P  dv) 

♦  (C+1)1/P  (f  |V*  !p  dv)1/p 
V  ni 

s  [2  +  (c+l)1/p  (M  +  tr-i-^ - )]  e 

iP|l,p;n  J 

+  (c+l)1/p  [([  | Vu | p  dv)1/p 

L  'N’n{u>0) 

t(f  '7vx{“>o> 7U|11  dv,1/p] 


s  (2  +  (c+l)1/p  [2  +M  +  - ])  e  . 

|p|l,2;fl 


Since  e  is  arbitrary  and  n'  -  (H  uG)  Is  a  compact  subset  of  n'  , 

n1 

(30'  £  Hn  u  G)  ,  it  is  clear  that  there  exist  un  «  Wg'p(n)  such 

1  +  1  o 

that  un  Is  bounded,  un  u  In  WQ,p(n)  ,  and  uR  s  0  on 

Q'  -cn  for  some  compact  subset  cn  of  n’  . 
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Let  f  be  as  In  2.2.80  so  that  for  some  subsequence  {n^}  , 

(fffl(un  )  *f^un  5  7un  *  {u+  *x{u>0}7u)  in  Wo’P(n>  *  U  is  claimed 

m  m  m 

that  (fm(u  )  ,  f'{u„  )  Vu„  )|  €  wl*p(n')  so  it  follows  that 

m  nm  m  nm  nm  'n1  0 


^u+*x{u>0)  7U^|q  e  WJ’P^>  *  same  Procedure  aPP^ed  to  -u 
shows  that  (-(-u)+  »X{U<0)  7u)|  «  wj’p(n’ )  so  that  addition  gives 

(u  »X^u,gj  Vu) J  f  €  wj,p(n')  .  To  prove  the  claim  choose  nm  e  Cg(n') 
such  that  nm  3  1  on  cR  .  By  2.2.9 


but  f  (x)  *  0  if  x  i  0  ,  so  fm(u„  )  *  0  on  O'  -c_  and  also 
m  m  n  n* 

m  nt 

f' (u  )  »  0  on  n*  -c  for  the  same  reason,  so  this, combined  with 
m  n_  n_ 

m  m 

the  fact  that  n  3  1  and  Vn  *  0  on  c  ,  implies  that 
m  m  n_ 

m 

<VV>  •  fm(V)7“n  >L  *  W0’P(n,)  •  *s  c,a1n,cd- 

m  m  m  'w 

Considering  2.2.81  and  (2.2.35)  it  is  clear  that  (u  »X{U3tg})| 


Is  quaslcontlnuous  with  respect  to  n'  .  If  u  is  unbounded,  then 
let  ffl  »  h_N>N  as  In  2.2.5  so  that  (fN(u)  •X{|u|<n}  7u)  €  wj,p(n) 
and  is  quasi  continuous  because  of  2.2.4  and  2.2.5.  Also  fN(u)  is 
bounded  and  zero  quasi  everywhere  in  n  -n'  so  that  the  work  above 
implies  that  (fN(u)  •  X{ j u| <N,U*0)  7u)|n>  5  wo’P(n,)  »  and  50 

(u  ,x{u«0}  7u)|n,  €  wo’P(n,)  s1nce  \  lfN(u)  _UIP  * 
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I  |u|p  dto  0  as  N-*-«  and 

'{|u|*N} 

l  lx{|U|<N.u.0}7U-x{U.0}7ulP<lv-JluU|t!7u|P*'-*0  as 

Since  (fN(u)  * | u j Vu)  *s  also  quasicontinuous  with  respect 
to  12'  and  f^{u)  •*  u  everywhere,  it  follows  from  (2.2.32)  that 
(u  ,x{u#0}  Vu)  is  quasi  continuous  with  respect  to  SI*  .  I 

Weak  Boundary  Values 

If  f  :  312 -*■  1R  is  continuous,  u  «  W^,p(12)  and  x  e.  an  ,  then 
It  Is  said  that  u(x)  s  Z  weakly  if  for  every  k  >  Z  there  exist 
an  r  >  0  such  that  (n(u-k)+  ,nX{u>k}  7u  +  (u-k)+  7n)  e  wj’p(l2‘) 
for  all  n€Cg(B(x,r))  .  In  addition  u(x)  a  Z  weakly  if  -u(x)  s  -Z  weakly 
and  u(x)  •  l  weakly  if  both  u(x)  s  Z  weakly  and  u(x)  2  Z  weakly. 
Proposition  2.2.86  shows  that  under  certain  conditions  this  definition 
of  weak  boundary  values  is  virtually  equivalent  to  a  more  conventional 
definition. 

2.2.86  Proposition.  Suppose  12*  is  open  and  bounded,  12'  c  12  , 
u  «  w1,p(n')  ,  f  €  Wq,p(ji)  ,  f  quasicontinuous  in  11  and  continuous 
In  n-Jl'  ,  and  either  v  s  an  or  u  ,f  are  bounded. 

If  (u  -  f |  ,  Vu-7f I  )  e  w],p(n')  ,  then  u(x)  *  f(x)  weakly 

•o'  In'  ° 

for  all  x  €  an'  .  Conversely  If  u(x)  *  f(x)  weakly  for  all 
x  «  311'  .  then  (u-f|^  •  x{u*f}*7u’7f|n, M  4  wo'P^'^  • 

Remark.  In  the  converse  it  is  only  necessary  to  assume  that  u(x)  » 
f(x)  weakly  quasieverywhere  on  312'  .  This  follows  from  an  argument 
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similar  to  that  In  Proposition  2.2.77,  where  a  capacltary  extremal 
Is  used  to  remove  an  open  set  of  small  capacity. 


Proof.  Assume  (u-f|  .  Vu-Vfl  )  «  w!,p(n')  .  Choose  <j>n  «  C*(n') 

'n‘  u  n  u 


>n 

such  that  $n  -*>  u-fj  ^  In  Wq *^(fj * )  .  Consider  the  as  functions 

In  Cq(r)  ,  let  v  be  a  quaslcontlnuous  limit  of  the  $n  In  Wg’p(n) 

and  u  ■  v  +  f  ,  so  u  *  f  quasleverywhere  on  n-n'  .  If  ^  e  C”(n) 

such  that  <|>n  -•>  f  in  wj,p(n)  ,  then  Un+iJ>n  .  7^n+^n)  ♦  (u  .Vu)  in 

wl*P(n)  with  7u  ■  7v+7f  SO  (*  ,  7*  +7i|)  I  )  -*•  (u  ,7u)l 

u  n  n|ftl  n  n|ft,  |fl. 

In  W1,p(n')  ,  but  (<h+i|»|  .  V* *V*_|  )  ♦  (u  , 7u)  In  W1,p(n') 

n  n |fll  n  n|Q.. 

also,  so 


(2.2.87) 


u  ■  u  ,  o)  almost  everywhere,  and 
Vu  •  vu  ,  v  almost  everywhere. 


Given  Xq  <  an'  ,  pick  K  so  that  f(xQ)  <  K  .  Since  f  Is 
continuous  In  n-n*  ,  there  exists  an  r  >  0  such  that  f(x)  <  K 
In  B(Xg,r)  n  (a -a')  ,  so  If  n  c  dJj(B(x0,r))  ,  then  n(u-K)+  * 
n(f-K)+  *  0  quasleverywhere  in  n-n'  . 

2.2.88.  u-K  «  w]^p(a)  so  that  2.2.5  Implies  that 
«5-K)+  .  xjj.kj  TO)  .  m]'J(h)  . 
and  so  2.2.9  Implies  that 


i 


X! 

.J 
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(n(u-K)+  ,  nx(u>K}  vG+ (G-K)+7n)  e  wj‘p(n)  . 

Following  the  proofs  of  2.2.5  and  2.2.9,  It  is  clear  that  (u-K)+ 

Is  locally  quasi  continuous  (2.2.20)  and  n(G-K)+  is  quasicontinuous. 
Proposition  2.2.77  now  implies  that 

(n(G-K)+  ,  nX{y>0}?G+  (u-K)+  ?n)|  (  e  wj’p(n')  , 

but  (2.2.87)  then  implies  that 

(n(u-K)+  ,  nx{u>0j^u+  (u-K)+  Vn)|^  «  wJ’P(n') 

since  ‘v  is  absolutely  continuous  to  o>  .  This  is  true  for  all 
K  >  f(x0)  so  u(Xq)  s  f(xQ)  weakly.  In  the  same  manner  it  is 
shown  that  u(xQ)  a  f(xQ)  weakly  and  so  u(xQ)  *  f(xQ)  weakly  for 
all  xQ  «  an1  . 

Conversely  if  u(x)  ■  f(x)  weakly  for  all  x  e  3fl  ,  then  for 
xQ  e  3fl'  and  e  >  0  ,  there  exists  an  r  >  0  such  that 
If (x)  -f(x0)|  <  e  for  x  €  8(Xg,r)  n  (n -n')  and  n(u  -  f(xQ)  -e)+  e 
mJ*p(u)  for  all  n  «  Cg  (8 (xQ,r))  .  From  the  first  Inequality  it 
follows  that  -f(x) +f(xg)  - c  <  0  on  8(xg,r)  n  (n-n')  so 
n(-f +  f(xg) -e)+ «  0  on  n-n'  for  n  e  Cg(8(Xg,r))  .  As  in 
2.2.88,  it  follows  that  n(-f +  f(xg) -e)+j  «  wj,p(n')  .  3fl'  Is 

compact  since  n*  Is  bounded  so  a  covering  of  balls  such  as 
8(Xg,r/2)  can  be  reduced  to  a  finite  subcover  8(x^,ri/2)  , 

1  »  1  , ...  ,  n  ,  such  that  n(u  -  f(x^) -e)+  and  n(-f +  f(xj) -e)+ 
are  In  Wg,p(n')  for  n  e  Cg(8(xj,r.j))  .  Pick  ,  1  «  1  ,...,n  , 
such  that  «  Cg(8(x^,r^))  and  n^  *  1  on  8(x^,r^/2)  ,  and 
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nQ  c  Cq (n * )  such  that  nQ  *  1  on  n'  -  U  8(xi  ,r1/2)  ,  in  which 

case  n0(u-f-2c)+  «  wj’p(n)  by  2.2.9.  Also,  (u-f-2e)+  s 
(u-f(x^)  -e)+  +  {-f +  f(x^)  -e)+  ,  so  If  $  *  (u-f-2e)+  ,  then 

Os*s  n1(u-f(xi)-e)+  +  n1(-***(x1)-e)+ 

In  8(X|,ri/2)  ,  i  “1  ,  ,  n  ,  and 

0  s  $  *  n0(u-f-2c)+ 

n  + 

In  fl'  -  U  ®(x-|  .r^/2)  .  Let  tp  *  nQ(u-f-2e)  + 

l"«l  Ch^(u-f(x.j)-e)+  +  n^-f+ftx^-e)4]  ,  0  s  <M  ^  on  n'  and 

*  «  wJ'P(fl')  .  *  <  ,  so  e  W1,p(n')  slpce  fT  is 

compact.  Pick  *n  €  c"(n')  n  W1,p(n')  and  e  C*(n')  such  that 

♦n  **■  ♦[  In  W1,p(n')  and  -  *  In  wj,p(n*)  .  Letting  f(x)  * 

x*  and  using  2.2.4  and  2.2.5,  It  follows  that  there  exist  fm«CD(lR)  , 

m  ■  1,2 . and  a  subsequence  n,  such  that  {fm(<6  )  -f  (d>  )} 

m  *  m  n„  m  n.  rn„  1 

m  mm 

converges  In  W1,p(n')  to  $+l  -(<fr|  »  <t>|  with  gradient 

in'  in' 

(xC4>0J  7*  -  *{♦>«,}  (7^))  |0.  *  (X{*>0>  s1nce  0  5  *\Q.  s  ♦  • 

fnUn  *  ’fm^n  ”*n  *  *  0  when  *n  *  0  ’  and  so  1s  1n  co*n,)  • 
m  m  m  m 
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therefore  ((u-f-2  V  ,  *{u-f-2e>0}  ^Vu‘7f ^  I  ,  e  wo’P^')  •  fiy 


dominated  convergence  theorem  this  converges  in  Wg,H(n')  to 
(( u-f)+  ,  X{u>fj  (Vu-Vf)) |  ^  .  Doing  the  above  for  -u  ,  -f  instead 
of  u,f  shows  that  (-(f-u)+  .  X{u<fj  (Vu-Vf))|^  «  wo’P(n')  so 
that  (u-f  ,  X{u)ef}  (Vu-Vf))|^  «  U]Q*P(n')  •  ■ 
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2,3.0  Higher  Integrability  from  Reverse  Holder  Inequalities 


It  will  be  shown  that  functions  satisfying  a  maximal 
function  inequality,  where  lower  powers  of  the  function 
dominate  higher  powers,  actually  lie  in  higher  classes 
than  initially  assumed.  This  is  applied  in  Chapter  3  to 
prove  higher  integrability  for  the  gradient  of  solutions  of 
degenerate  elliptic  systems. 

Theorem  2.3.13  is  a  generalization  of  [SI]  to  weighted 
spaces,  which  in  turn  is  an  adaptation  of  a  result  of 
F.Hf.  Gehring  [GH]  to  a  setting  more  natural  for  the  analysis 
of  differential  equations.  The  first  adaption  of  [GH]  seems 
to  be  by  M.  Giaquinta  and  G.  Modica  [GM]  although  the  slightly 
more  general  [SI]  was  done  independently,  see  [GI]  for  further 
references. 

Only  measures  which  are  doubling  will  be  considered 
here  and  only  very  restricted  geometries  since  these  are 
sufficient  for  applications  in  Chapter  3.  In  [S2]  Theorem 
2.3.13  was  proved  for  very  general  measures  with  the  restriction 
that  the  density  of  the  measure  must  be  uniformly  bounded  away 
from  zero  near  the  boundary  of  the  domain  being  considered. 

This  restriction  may  be  weakened  even  further  to  the  assumption 
that  the  measure  is  doubling  near  the  boundary. 

Let  0  be  an  open  set  in  and  to  a  positive  Borel  measure. 
It  will  be  assumed  that  w  is  doubling,  that  is,  there  exists  a 
constant  c^  >  0  such  that 

0  <  w(B(x,r))  <_  c^u  B(x,r/2) 
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for  all  balls  B(x,r)  c  ft.  By  iterating  this  inequality 
it  is  easily  seen  that  there  exists  a  constant  6  >  0 
such  that 

(2.3.1)  u(B(x,R) )  <  Cl(|)B  <o(B(x,r)) 

for  all  x,r,R,  0  <  r  £  R,  B(x,r)  c  ft. 

Let  Q.  £  Qx  £  Q0  £  «  be  open  concentric  cubes  with 

sides  parallel  to  the  coordinate  axes  and  with  side  lengths 

s«»  2s,,,,  respectively.  Also  for  ease  in  applying  the 

doubling  condition  it  will  be  assumed  that  Oq  lies  at  least 

a  distance  of  15  /d  S  from  3ft  . 

00 

norms  on  will  be  estimated  in  terms  of  Lq  norms 
on  Q0  for  some  p  >  q.  To  accomplish  this  a  continuous  "itertion" 
will  be  carried  out  on  a  parameterized  collection  of  cubes 
Qt»  1  £  t  <  where  Qt  is  a  cube  concentric  to  Qm  with  sides 
parallel  to  and  side  length  S(t)  -  (l+t"a-^B)  . 

The  choice  of  parameterization  is  related  to  the 
following  estimate  which  can  be  used  to  show  that  a  ball  centered 
in  some  Qs  actually  lies  totally  in  Qt  for  some  specific  t<  s, 
if  its  measure  is  small  enough. 

Given  B(x,r)  c  Qq  there  exists  an  r  >  0  such  that 
r  <  r  <  3  Sa,  «€”  and  Qq  c  B(s,r) .  Using  (2.3.1)  it  now  follows 
that 

■  (Q0)<  «<Mx,rJ)  <ci(|)P  u>(B(x,r)) 

So  that 

(2.3.2)  r®  <Cl(3  Ss8/3)Bu)(B(x,r))/aj(Q0) 
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for  all  B(x,r)  c  qq. 

The  maximal  functions  to  be  dealt  with  are  defined  as 
follows  for  0  <  R  £  •. 

MRf  (x)  -  sup{u'1(B)  |  |  f  i  dw  :B  *  B(x,r)  c  fl,  0  <  r  <  R} 

For  convenience  let  Mf  *  M^f.  The  super-level  sets  of  functions 
g,f  will  be  of  central  importance  in  the  main  estimate  for 
theorem  2.3.3.  These  are  denoted  by  E*(t)  -  (x  s  qq:  g  >  t>, 
E(t)  -  E* (t)  n  Qt  and  E*(t)  -  E*(t)  n  Q^.  F*(t),  F(t),  F*(t) 
are  defined  analogously  with  respect  to  f. 

2.3.3.  Theorem.  Suppose  g,f  are  nonnegative  Borel  measurable 
functions  defined  on  Qqi  0  £  a  <  1,  b  >  1  and 


(2.3.4)  M^g*1)  <  b  Mq(g)  +  MCfq)  +  oM(gq)  a.e.  in  Qj 


then  there  exists  a  constant  pQ  such  that  if  p  >  p  >  q  then 


(2-3-5)  (  srqj  \  *Pd“)1/p  i c  (skpf  1/q  *  (sV  j  fp^)1/p_ 


where  c  depends  only  on  d.pjqjO.SjC^ib.R/S^,  and  p^  depends  only 
on  d.q.o^c^b.R/S^. 


Proof.  (2.3.5)  will  first  be  proved  under  the  assumption  that 
(2.3.6)  MR(gq)  <  b  Mq(g+f)  ♦  oM(gq)  a.e.  in  Qx 
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Then  either  f  £  Lp(w,Q0)  in  which  case  2.3.4  is  true  or 
£  €  Lp(u>  ,Q0),  in  which  case  from  propositions  1.1.3,  1.1.4, 

1.1.5  and  1.1.9  it  follows  that  )  >_  M^^tf^)  a.e.. 

(2.3.4)  then  implies  that  (2.3.6)  holds  for  f  replaced  by  M*^q(fq) 
and  (2.3.5)  follows  form  propositions  1.1.3  and  1.1.4  and  (2.3.5) 
with  f  altered  as  above. 


(2.3.7)  6  -  Min  {(5-)B - - 

2  3tJdp/,ic1c5 


_k-q/B)6  w(QJ 


2  30BdB/2c, 


'w(Qf 


where  c^  is  the  constant  appearing  in  2.3.11  (depends  only  on 
c1#d)  and  kq  -  3q(cs  b(l+a)/(l-a))  >  1.  The  doubling  condition 
implies  that  oj(Qao)/w(Q0)  is  bounded  below  by  a  positive  number 
depending  only  on  c^,d  so  that  6  is  bounded  below  by  a  positive 
constant  depending  only  on  d,c1 

Normalize  g  and  f  by  dividing  by 

«((«'1(Q0)  f  gqdw)1/q  +  (u’^Qq)  }  fPdo))1/p)‘1 
Q0  Q0 

so  that  without  loss  of  generality  (replace  g,f  by  these 
normalized  versions)  we  may  assume  that 

(2.3.8)  (u*1  (Q0)  f  gqd«) 1/q  +  U'^Qq)  j  fpdu»)1/p  -  6  . 

9o  % 

The  remainder  of  the  proof  will  consist  of  four  parts. 


Part  I  (Decomposition) 

Fix  s>k  and  let  t  -  s/k.  From  2.3,7  it  follows  that 


OT7T  l  g<,d"  -  310  •  3KQ  f  g<ld" 


«CQ0>  .0  ,  q 

<  — Tfirr  <54  <  1  <  s4  . 
-  «CQ„) 


Divide  Qs  dyadically  a  minimum  number  of  times  so  that  the 
subcubes  have  diameters  less  than  Min{R,S  }.  For  each  such  Q 


3W  \  sqd“-"3TOr  ‘3TO  1  *q<i“  -  c3  s< 


where  c3  depends  only  on  MintR.S^J/S^  ,  d,  Cj.  Now  subdivide 
each  subcube  as  in  the  decomposition  lemma  of  Calderon  and 
Zygmund  [ST]  to  get  disjoint  subcubes  {P^}  of  Qs  such  that 


(2.3.9) 


g  <  s  a.e.  in  Q  \  (TJ  P.)  and 

s  i  1 


-  STO  I  gqd"  -c« 

^  n 


for  some  c^  depending  only  on  d,  c^ ,  Cj.  The  Calderon- Zygmund 

lemma  easily  generalizes  to  the  case  of  a  doubling  measure 

because  of  propositions  1.1.3,  1.1.4,  1.1. S  and  1.1.9.  The 

initial  subdivision  guarantees  that  diam  P^  ^MinO^S,,,,}. 

Let  G  -  U  Pi  so 
i  1 

(2.3.10)  |  gqdw  <  c4  squ(G)  . 

G 
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I 


Given  x  e  consider  B(x,r)  with  r  «  diam  PA  <  MinCR.S^} 
so  that 


(2.3.11) 


sq 


< 


*1*17 


.  w(B) 

0>  <  - 7'K-  -■> 


<  c5  MR(gq)(x) 


where  depends  only  on  c^,d  . 

Part  II  (Removal  of  the  term  a  M(gq)) 

Let  F  *  {x  e  G:  (2.36)  hold  >  so  o»(F)  -  u>CG).  If  a  »  0 
continue  from  2.3.12  otherwise  2.3.11  implies  that 
cjX<  sq  c'1  <  MR(gq)  (x)  <.M(gq)(x)  for  all  x  e  G.  Given  x  e  F 
there  exists  a  ball  B  »  B(x,r)  £  Qq  such  that  (l+a)2  1  c,.1 
<  (l+a)2-1  M(gq)  (x)  <  u*1(B)  [  gqdu>  since  (l+o)2"1  <  1. 

jb 

From  this  it  follows  that 

oi(B)  <  2  c$  (l+o)  1  |  g^  <^2  CgCl+a)'1  ai(Q0)6q  . 

Qo 

C2.3.2)  and  (2.3.7)  now  imply  that  r  <  R  and  so 

M(gq)(x)  <  2(l+a)'1  oi*1  (B)  |  gqdai  <  2 (l+o)  _1MR(gq)  (X)  . 
Combining  this  with  (2.3.6)  gives 
(2.3.12)  MR(gq)(x)  <  (j^)bMq(g+f)(x) 
for  all  x  e  f. 
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Part  III  (Basic  Estimate) 

Given  x  e  F  use  (2.3.11),  s  «  kt  and  the  above  to  get 
3q(csb(l*a)/(l-a))tq  -  sq <  (c5b(l+a)/(l-a))  Mq(g+f)(x) 
so  there  exists  a  ball  B  -  B(x,r)  £  Qq  such  that 

(2.3.13)  3t  <  J  (*♦*)*«  • 

It  will  now  be  shown  that  B  c  Q  .  To  see  this  it  is  sufficient 

to  show  that  r  <  (S(t)  -  S(s))/2  -  S^t*^8  (l-k'q/B)/2 .  In 

addition  r  <  S^/10  will  be  proved  for  later  use.  The  definition 

of  E*  (t)  implies  that  j  gdu  <_  tu(B)  +  |  g  du. 

B  BnE*(t) 

Using  this,  a  similar  inequality  for  f  and  (2.3.13)  it  follows 
that 

tu(B)  £  j  gdu  +  j  fdu  £  t*”q  |  gqdu  +  t*"p  fpdu 
B  nE*(t)  B  HF*(t)  E*(t)  F*(t) 

and  since  t  1  and  p  >  q  it  is  seen  that 

u(B)  <  t*q(|  gqdu  +  J  fpdu)<  t*q(6q+fip)  u(Qq) 

<  2  t'q  6q  u(Qq)  . 

This  combined  with  (2.3.2)  and  (2.3.7)  implies  that 
r  <  S„t"q/B(l-k'q/B)/10  and  so  B  £  Qt>  Since  t  >  1,  k  >  1  it 
also  follows  that  r  <  Sw/10  so  that  B(x,5r)  £  qq.  Using  the 
fact  that  B  c  Qt  and  arguing  as  above  it  follows  that 
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(2.3.14)  t  u>(B)  £  I  gdu  +  j  taw 

BHE(t)  BHF(t) 

F  is  covered  by  such  balls  B.  Using  the  covering  lemma  1.1.9 
again  it  is  seen  that  there  exists  a  pairwise  disjoint  sub¬ 
collection  of  balls  (B^,  Ba  -  B(xi,ri)  such  that  {  B(xi , 5^)} 
is  a  cover  for  F.  Now,  since  B(x^,5r^)  c  Qq,  the  doubling 
condition  implies  that 

w(G)  -  oj(F)  <  E  u(B(xi,5ri)) 

<  c?  E  u(B(xi,ri)) 


and  consequently 


g^dui  <  |  g^dw  c^  s^u(G) 

E(s)  G 

<  k  Cj  c4  s^’1  |  gdw  +  f< 

E(s/k)  F(s/k) 


from  (2.3.10)  and  C2.3.14). 


Part  IV  (Reduction  to  Stieltjes  integral  form) 

Let  h(s)  -  I  g  du>,  H(s)  ■  f  dw  ,  so  h  is  non- 
E(s)  F (s) 

increasing  and  right  continuous,  and  Lim  h(t)  »  0  since 

a  1  f  a  t+0 

t*  Ah(t)  <  I  gHdw-*-0  as  t  +  0,  Integrate  by  parts  to  get 

:t) 


tq*X  dh(t) 


(2. 3. IS) 


1 

(s,») 

-  (q*D  j 

tq'2  h(t)dt  +  sq'Xh(s) 

•  (q-D  f 

tq*2  f  g  dm  dt  +  sq’X  hCs) 

(£>°0 

E(t) 

(2.3.16) 

<  (q-D  J 

g  f  tq’2  dt  dw  +  sq’1h(s) 

E(s) 

(s,g) 

(2.3.17) 

*  J  gqdw 

E(s) 

<  k  c|  sq‘X(  |  g  dw  +  J  f  du)  . 
ECs/k)  F (s/k) 


So 

-  J  tq"Xdh(t)  <  k  cjc4  sq'X(h(s/k)  +  H(s/k) )  for  s  >  k. 
(*.-) 

Apply  lemma  2.3.18  to  get 

-  J  tp'Xdh(t) 

(k,-) 

<  c(  -  j  tq"Xdh(t)  +  f  tp'2  H(t/k)dt  +  h(l)) . 

(k,<»)  (k,«0 

Inequality  (2.3.16)  is  reversed  if  E*(s)  replaces  E(s), 
so  with  s  ■  k  use  (2. 3. IS)  to  (2.3.17)  (with  p  replacing  q) 
and  the  inequality  above  to  get 


gPdw  <  c  (  gqdu  ♦  j  tp_2  f  f  dudt  +  h(l)) . 
E»(k)  E(k)  (k,-)  F(t/k) 

gp  kp’q  gq  for  g  £  k  so 
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f  gpdui  <  c(l+kp  q)  |  gqdoi  +  c  |  f  f  tp  2  db> 

4n  Q0  %  k 

*  c  g  dm 
E(l) 

c  6q  w(Qq)  +  c  kp  ^  |  fpdu»  +  c  j  gqdw 
'  Q0  E(l) 

<  c  wCQJ 

c  independent  of  wfQ^).  Reversing  the  normalization  of  f,g 
gives  (2.3.5). 


2.3.18  Lemma.  Suppose  h:  [1,®)  +  [0,®)  is  nonincreasing,  right 

continuous,  and  Lim  h(t)  »  0.  Also  suppose  H:[l,®)  +  [0,®)  is 

t-*-®  , 

measurable,  q>l,  a>l,  k>l  and  p  satisfies  1  >  akp  (p-q)/(p-l) 

with  p  _>  q.  If 

-  [  s q'1  dh (s)  <  a  tq”X (h(t/k)  +  H(t/k))  for  t  >  k 

(t,®) 

then 

|  sP'1  dh(s) 

(k,®) 

<  cx(-  j  sq'1  dh(s))  +  c2  |  tp‘2  H(t/k)dt+ c3  h(l) 
(k,»)  (k,®) 
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Proof.  Let  I  *  -  1  i  dh(s)  .  An  Integration  by  parts  gives 
p 

(2.3.19)  rj  -  -  f  tP'q  tq_1dh(t)  •  kP”q  1^  +  (p-q)J  . 

where  J  «  f  tp‘q_1  (-  f  s^dhfsHdt  . 

'(k.j)  '(tJJ 

Confining  this  with  the  hypothesis  it  follows  that 


(2.3.20) 


J  s  f  tp“q’1(atq“1[h(|)+H(  J)]  +  f  sq”^  dh(s))  dt 


f  tp‘2h(r-)dt  *  k11*1  [  tp"2h(t)dt 

J(k.j)  k  J(l.j/k) 


'(1J/k) 


^  (-  f  t11'1  dh(t)  -  C  f  t**1  dh(t» 
p  1  'd.j]  kp  l  hi.-) 


since 


<ir\(i)  ■  (fr’ou^-Mj))  +  (fr1 


t  -  [  .  t”'1  dh(t)  -  f  tq'’  dh(t) 


This  combined  with  (2.3.19)  and  (2.3.20)  gives 


i  kp_q  ij  +  akp-1  (-  f  tp~]  dh(t)) 

P  Q  P-)  i(l,j] 

♦  )  a-l)jP“q  (-  f  tq"]  dh(t)) 

P  1  j(j.«) 

-  kp“q  f  tq_1  dh(t)  +  (p-q)a  [  tp‘2  H(|)dt. 
J(j.-)  J(k.j)  k 

Now  use  that  [a(p-q)  /  (p-1 )  -  1]  <  0  .  Subtract  part  of  the  second  term 
from  both  sides  and  let  j  -►  •  to  get 

(1  -  (  fEf)akp-1)  i;  s  kp-q  I*  ♦  (p-q)a  [(k^)  t”-2  H(  i)  dt 

dh(t))  • 

but  (1  -  (p-q)/(p-l))  akp  ^)  >  0  by  hypothesis,  and 
"  [/  *  ^h(t)  Srkp  *  h(1)  ,  so  the  desired  conclusion  Is  reached.  I 


CHAPTER  3 


The  theme  of  Chapter  3  is  that  of  establishing  continuity  for 
solutions  of  degenerate  elliptic  equations. 

In  Section  3.1.0  both  Interior  and  boundary  continuity  are  con¬ 
sidered  for  single  equations  of  the  form  div  A(x,u,7u)  *  B(x,u,7u)  , 
where  A  ,  B  satisfy  certain  natural  growth  conditions.  As  a  byproduct 
of  this  a  Harnack  inequality  Is  proven  for  positive  solutions. 

In  Section  3.2.0  estimates  are  derived  for  the  modulus  of  conti¬ 
nuity  of  functions  In  weighted  Sobolev  spaces,  analogous  to  Morrey's 
result  that  functions  In  W^*p(lRd)  ,  p  >  d  ,  are  H'dlder  continuous. 

This  Is  relevant  since  solutions  of  equations  with  natural  exponent 
p  (p •  2  for  linear  equations)  are  often  contained  in  such  spaces. 

In  Section  3.3.0,  degenerate  elliptic  systems  are  considered 
of  the  form  div  A^x.u.Vu)  ■  B^(x,u,7u)  ,  1  -  1  ,  ...  ,  N  ,  where 
Aj  ,  Bj  satisfy  certain  growth  conditions.  Additional  integrabillty 
Is  proven  for  |7uj  and  this,  combined  with  the  results  of  Section  3.2.0, 
establishes  continuity  In  certain  borderline  cases  where  3.2.0  does  not 
apply  directly. 

In  each  section  an  example  is  worked  using  equations  with  de¬ 
generacies  of  the  form  dista(x,K)  ,  for  a  class  of  sets  K  which 
Includes  finite  unions  of  c“  manifolds  of  co-dimension  greater 
than  or  equal  to  2.  (including  co-dimension  d,  i.e.  points). 
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A  Harnack  Inequality  and  Continuity  of  Weak  Solutions  for 
Degenerate  Elliptic  Equations 

The  main  results  of  this  section  are  a  Harnack  inequality  for 
positive  solutions  and  the  interior  and  boundary  continuity  for  weak 
sol utions. 

The  basic  structure  of  the  proof  of  the  Harnack  inequality  is  due 
to  Moser  [ME!].  Techniques  of  Trudinger  [Tl],  [T2]  are  used  to  replace 
the  Oohn-Nirenberg  lemma  [JN],  which  is  not  of  use  when  the  weights 
are  badly  degenerate.  The  proof  of  the  boundary  continuity  essen¬ 
tially  follows  that  of  Gariepy  and  Ziemer  [GZ]. 

Various  results  have  been  proven  for  linear  degenerate  equations 
by  Kruzkov  [K] ,  Murthy  and  Stampacchia  [MSI,  P.D.  Smith  [SM] 
and  Trudinger  [T1J,[T2]  and  a  degenerate  Harnack  inequality 
has  been  proven  by  Edmunds  and  Peletier  [EP]  for  quasi-linear 
degenerate  equations.  The  present  results  allow  a  more 
general  class  of  degeneracies.  The  reader  should  note  the 
related  work  done  independently  by  E.B.  Fabes,  D.S.  Jerison, 
C.E.  Kenig,  and  R.P.  Serapioni  [FKSJ ,  [FJK]  (see  comments 
preceding  2.2.40). 

The  equations  considered  are  of  the  form 
(3.1.1)  div  A(xfu,Vu)  *  B(x,u,Vu)  , 

where 

A:  a  x  1R1  x  IRd  -►  JRd 

and 

B:  a  x  1R1  x  ]Rd  -►  JR1 
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T 


are  Bore!  measurable  functions  satisfying  the  conditions 


(3.1.2)  |A(x.u,w)|  s  uCxJlwJ1*"1  +  a^x)  [u^1  ♦  a2(x)  , 
|B(x,u,w))  s  bQ  X( x )  1  w I P  +  b^xJlwlP"1  +  b2(x)  | u| 

+  b3(x)  , 

A(x,U,w)  •  W  2  A  (x)  }  w{  P  -  Cj(x)  J  u)  P  -  C2(x)  . 

ft  c  lRd  is  open,  p>l,  A  ,  w  ,  a^  ,  1*1,2,  ,  1  *  1  , 2  , 3  ,  ' 

,  1*1,2,  are  nonnegative  Bore!  measurable  functions  on  ft  and 
o>  *  pp  X‘{p_1)  and  A  are  assumed  to  be  Integrable  with  0<Asy<® 
almost  everywhere. 

Identifying  at  and  A  with  the  measures  they  Induce,  W1  ,p(&j,A,ft) 
wJ'p(o),A,ft)  and  wj’p(oj,A,ft)  will  be  the  Sobolev  spaces  defined  in 
2.2.1.  For  convenience  these  will  be  represented  by  w|^p  ,  Wg’p(ft)  , 
and  w{*(p)  . 

There  are  a  number  of  useful  definitions  of  weak  solution  In  the 
present  setting.  For  simplicity  a  pair  (u,Vu)  e  w]*p(ft)  is  called 
a  weak  solution  of  (3.1.1)  In  an  open  set  V  If 

(3.1.3)  |  V*  •  A(x,u,Vu)  +  $B(x,u,7u)  *  0 

for  all  (*,V$)  «  Wq*p(V)  .  In  more  specific  contexts  definitions  such 
as  that  In  [Tl]  may  be  more  natural.  In  any  case  the  basic  methods  are 
quite  flexible  In  adapting  to  different  definitions  of  weak  solution. 

The  following  Sobolev  Inequalities  will  be  assumed.  B  *  B(Xg,r) 

Is  a  ball  of  radius  r  ,  6  c  ft  ,  and  Xq  ,r  vary  depending  on  the 
specific  result  being  considered. 


-151- 


(3.1.4) 


for  all  (4,V4)  €  Wq’p(B)  ,  where  q  >  p  and 
s(r)  2  2  (for  computational  simplicity) ; 


(3.1.5)  |  I*  ‘  ^  |B  Mp  w  s  rP  P(r)|B  |V$|P  X+ q(r)o(B) 
for  all  (4,74)  c  W1  ,P(B(x0>r))  ,  and  some  r  >  r  ; 

(3.1.6)  f  J*|PFr*erps0f  |V4|PX  +  e"6  sp(r)  f  |4|p  a> 

*B  *B  JB 

for  all  (4,V4)  €  Wg,p(B)  and  0  <  e  s  1  ,  where  sQ 
Is  either  0  or  1  and  Fr  will  be  defined  slightly 
differently  in  each  of  Theorems  3.1.10,  3.1.15,  and 
Corollaries  3.1.12,  3.1.13. 

The  weights  <o  ,  X  for  which  (3.1.4)  and  (3.1.5)  hold,  with 
t(r)  *  q(r)  -  0  and  *  «  Cg(B)  and  Cg(B(xQ,r))  ,  respectively,  are 
characterized  in  Theorem  2.2.41.  Simple  limit  procedures  as  done  in 
Lenina  3.1.7  then  show  that  (3.1.4)  and  (3.1.5)  hold  for  general  Sobolev 
functions. 

If  s  s p(r)w  ,  then  (3.1.6)  is  trivially  true  with  sQ  »  0  ; 
otherwise  (3.1.6)  can  be  deduced  from  inequalities  such  as  (3.1.8), 
for  which  the  weights  have  been  characterized  in  Theorem  2.2.41. 
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3.1.7  Lemma.  Assume  for  some  s  ,  1  s  s  <  p  ,  that 


(3.1.8)  Jb  |*|sFr  *  C(r)rS  £  |7*|sXs/p  u(P-s)/P 
for  all  *  «  Cq(B)  .  Then 

(3.1.9)  I4»|P  Fr  serpJ|7»|P  X  +  c(p,s)  e’s/(p's)  cp/(p‘s)(r)  J  HPo> 
for  all  (*,v«)  e  wJ’P(B)  . 

Proof.  Given  u  c  C^(B)  .let  «  «  up/s  .  V*  *  f  u(P-s)/s  Vu  f  so  by 

(3.1.8) 

|  |u|PFr  *  (f)S  c(r)  rs  |u|P-s  |7u|S  X5/p  a,(p’s)/p  . 

Use  Younges'  Inequality  to  show  that 

(f>*  fctr)  r*  |u|p-*  |vu|s  x5/p  Jp-S)/I> 
s  C(p.s)  c5/(p-!lp/(p-s\r)  |ulp«*  c  rp|7u|p  X 

so  thet  (3.1.9)  Is  true  for  u  c  t^(B)  .  Given  (7,77)  e  Wq  P(B)  , 
pick  7  c  dT(B)  such  thet  ($n»7$n)  .  (7.77)  In  wj*p(n)  .  Using 

(3.1.9)  with  *  *  **  <s  seen  that  ^n*  is  Cauch*  in  l-P(,:r»B) 

and  since  6  +  i>  a.e.  for  some  subsequence  (n.)  It  follows  that 

n,j  T  i 

4*  c  L.P(Fr»B)  and  ij)  lP(F^.B)  • 
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Letting  $  *  4>n  In  (3.1.9)  and  letting  n  «  shows  that  (3.1.9) 

Is  true  for  »  as  required.  ■ 

For  Theorem  3.1.10  It  will  be  assumed  that  a2  s  b^  *  *  0  , 

Fr  *  Rp[c.,  +  bp  X-^1)  +  b2  +  aP/<P-Vp/(p-l>  X]  ,  B(xq»R)  cJl  , 
and  (3.1.4),  (3.1.5),  and  (3.1.6)  hold  for  r  s  R  . 

3.1.10  Theorem.  If  u  is  a  positive  weak  solution  of  (3.1.1)  In 
B(Xq,R)  with  u  s  M  <  ®  and  0  <  0  <1  ,  then 

(3.1.11)  sup  u  s  C(R)  Inf  u 

B(Xq,6TR)  B(Xq,9R) 

c(s(R)(sJ/p(R)+l)n(R)f/(q‘p) 
for  C(R)  ■  c[(s(R)+t(R))  exp(p(R)H(R)+q(r))]  f 

and  H(R)  ■  1  +  w"1(B(x0,R))  f  [(c^+b^p  x'^p*^ +b2)  Rp+ a^  Rp_1]  , 

^B(Xq,R) 

c  depend!  ng  only  on  p  ,  q  ,  0  ,  M  ,  bQ  . 

The  proofs  of  Theorem  3.1.10  and  the  following  results  will  be 
deferred  until  later. 

Remarks . 

The  boundedness  assumption  for  weak  solutions  Is  not  essential  if 
bg  *  0  .  In  this  case  methods  of  Aronson  and  Serrln  [AS]  can  be  used 
to  achieve  similar  results. 

As  in  [T3]  the  Ha  mack  Inequality  may  be  split  into  two  parts,  one 
relevant  to  subsolutions  and  one  to  supersolutions. 


The  John-Nirenberg  Lenina  [JN]  generalizes  easily  to  accommodate 
doubling  measures,  that  Is,  measures  p  such  that  p(B(x,2r))  s 
qj(B(x,r))  .  So  if  Integration  against  w  is  a  doubling  measure  and 
If  the  Inequalities  (3.1.4),  (3.1.5),  and  (3.1.6)  hold  for  0  <  r  s  R 
with  p(r)  ,  q(r)  ,  H(r)  bounded,  then  the  "crossover"  can  be  done 
as  in  [T3]. 

The  last  remark  applies  to  supersolution  calculations  as  well, 
but  If  full  solutions  alone  are  of  concern  and  If  the  remaining  Sobolev 
constants  s(r)  ,  t(r)  ,  Sp(r)  are  bounded  for  0  <  r  s  R  ,  then  a 
simple  method  due  to  Bombleri  [BI]  and  appearing  In  [ME2]  can  be  used 
as  well,  to  prove  (3.1.11)  with  R  replaced  by  r  and  C(r)  bounded. 

If,  as  In  the  symmetric  linear  case,  |w^  «A(x,u,w2)I  5 

|w-j  *A(x,u,w.|)|  iw2*  A(x,u,w2|  ,  then  the  derivation  of  the  fundamental 

Inequality  In  the  proof  of  Theorem  3.1.10  may  be  Improved  as  in  [ME2], 

* 

This  leads  to  the  replacement  of  at  by  the  smaller  weight  u  ,  thus 
allowing  consideration  of  more  degenerate  weights. 

Definition.  If  x  «  0  and  11m  inf  V  *  inf  V  ,  then  it  Is  said 

r+O  B(x,r)  n 

that  V  achieves  Its  essential  minimum  at  x  .  The  analogous  definition 
is  adopted  for  essential  maximum  at  x  . 

3.1.12  Corollary.  Assume  0  ■  a^  *  a2  ■  b2  »  b^  ■  c^  *  c2  ,  Fr  • 

,  ft  Is  open  and  connected  and  for  all  x  «  ft  3r  >  0 
such  that  Inequalities  (3.1.4),  (3.1.5),  and  (3.1.6)  hold  for  xQ  ■  x 
and  B(x,r)  c  ft  . 


If  V  Is  a  bounded  weak  solution  of  (3.1.1)  in  Q  and  V 
achieves  its  essential  minimum  or  maximum  at  an  interior  point,  then 
V  Is  constant  (off  a  set  of  measure  zero). 

Remarks.  If  a1  ,  a2  ,  b2  ,  b^  ,  c^  ,  c2  are  not  assumed  to  be 
zero,  then  a  weak  maximum  principle  may  be  proven  similar  to  that  of 
[AS]. 

If  C(R)  in  (3.1.11)  depends  on  R  in  an  appropriate  manner, 
then  a  Liouvllle  theorem  may  be  proven  as  in  [ME1]. 

In  Corollary  3.1.13  it  is  shown  that  a  slightly  altered  Harnack 
inequality  holds  If  a2  ,  bg  ,  c3  are  not  zero.  The  function  K(r) 
is  usually  chosen  to  be  ra  for  some  a  >  0  . 

Let  Fr»  Rp[c1+c2(K'p(R)+b1Px"(p"1)+b2+b3K'(p‘1)(R) 

♦  (a, +a2K"(p'1\R))p/(p"1)  y"p/{p_1)  x]  and  assume  (3.1.4),  (3.1.5) 
and  (3.1.6)  for  r  *  R  . 

3.1.13  Corollary.  If  u  Is  a  positive  weak  solution  of  (3.1.1) 

In  B(x0,R)  with  u  s  M  and  0  <  6  <  1  ,  then 

(3.1.14)  sup  u  s  C(R)  inf  u  +  (C(R)-l)  K(R)  , 

B(Xq,0R)  B(xo,0R) 

where  C(R)  is  as  in  Theorem  3.1.10. 

For  Theorem  3.1.15  let  Fr  »  rp[(c^  M+c2)K“p(r)  +  bjP  X*^p’^ 

♦  (b2M+b3)K •(p”1,(r)  +  («!  M+a2)p/(p'1,K'p(r)  y'^1*  x]  ,  and 
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assume  (3.1.4),  (3.1.5),  and  (3.1.6)  for  0<  rs  R  . 


3.1.15  Theorem.  If  u  Is  a  weak  solution  of  (3.1.1)  in  B(Xg,R) 
with  ju|  s  M/2  and  C(R)  ,  K(R)  »  9  ,  M  as  in  Corollary  3.1.13, 

“  , 

then  lim  Osc  u  *  0  If  7  C“  (rj  »  -  and  lim  C(r.  )K(r. )  »0  , 
B(xQ,rk)  k«0  K  k«»  *  * 

where  r^  ■  0k  R  . 

a1 

If  C(r^)  Is  bounded  and  K(r^)  s  c*  r£  for  some  c'  ,  a'  >  0  , 

then 


Osc  u  *  c  r? 

B(x0»rk)  k 


for  some  c  ,  a  >  0  . 


These  conditions  are  sharp  In  the  sense  of  Lemma  3.1.16. 

In  addition.  If  C(r)  Is  nondecreasing  and  K(r)  is  nonincreas- 
Ing  as  r  -*•  0  ,  then 


Osc  us 
B(xQ,rk) 


e-c«(rkV 


v  Osc  u 
b(x0.r) 


,»<rk> 


♦  c 


Yog 


-1 


(t) ect  dt) 


where 


1  dr 
CFT  r 


and  y(s) 


C(s)  K(s/e)  . 


Remark.  Semi continuity  results  for  subsolutions  and  supersolutions 
may  be  proven  as  in  [Tl]  using  the  calculations  mentioned  in  the 
second  remark  after  Theorem  3.1.10. 
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Example 

bet  K  be  as  in  Theorem  2.2.56  such  that  2.2.61-3 
hold  and  w(x)  ■  y(x)  -  X(x)  ■  dista(x,K),  a  >  -  y. 

From  this  and  a  limiting  argument  (as  in  Lemma  3.1.7)  it 
follows  for  some  q>p  and  all  B(Xg,r)  c  that  (3.1.4) 

and  (3.1.5)  hold  with  s(r)  *  p(r)  *  1  and  t(r)  *  q(r)  *  0  .  For 
simplicity  assume  that  a^  ,  a2  ,  ,  c2  ,  b-j  •  b9  ,  b,  are 

bounded  by  a  constant  multiple  of  a>  and  choose  k(r)  *  r  +  r^p~^p 
This  Implies  that  Fr  s  oa  ,  so  (3.1.6)  is  trivially  true  with 
Sg  *  0  and  sF(r)  =  1  .  Also  C(r)  is  bounded  for  r  <  R  <  •  . 

It  now  follows  from  Theorem  3.1.15  that  if  u  is  a  bounded  weak 
solution  of  (3.1.1)  in  n  ,  then  u  is  locally  Holder  continuous. 


3.1.16  Lenma.  Let  r^  *  0  R  for  0  <  0  <  1  ,  R  >  0  .  Assume 
(3.1.17)  C(rk)  *  5  >  1  , 


and 


(3.1.18) 


Osc  u  s  a.  .(  Osc  u  +  2K(r.  .)) 

V|J<Vrk-i)  ' 


C(fk)  ”  1 

for  k  ■  0 , 1  ,2  , ...  ,  where  ak  s 

.n-1  x  n-1  n-1 

(3.1.19)  Osc  u  &[  n  a.  )  Osc  u  +  2  7  k(r.)  T  at 

B(x0,rn )  Vk“°  '  BR  J  k*j 


and  If 
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(3.1.20) 


1  C’Vi,)*®  and  C(r.  )K(rv)  -*>  0 
k«0  *  k  K 

as  k  «  ,  then 

(3.1 .21 )  Osc  u  -*•  0  as  n  -►  ®  . 

B(Vri,> 

(3.1.22)  This  is  sharp  because  if  (3.1 .20)  does  not  hold,  then  there 
exists  u  such  that  Osc  u  *  X  >  0  . 

B<Vrn> 

If  C(rk)  is  bounded  and  K^)  s  cr“  for  some  c  ,  a  >  0  , 

then 

a 1 

(3.1.23)  Osc  u  s  c*  r®  for  some  c'  ,  a'  >  0  . 

8<Vrn) 

If  C(rk)  Is  nondecreasing  as  k  -*»  «  ,  then  this  is  sharp  as 

well. 

If  C(r)  is  nondecreasing  and  K(r)  is  nonincreasing  as  r  0  , 

then 

-9(rn)/  f9^rn^  ct  v 

Osc  use  n(  Osc  u  +  2c  y#g  (t)  ecl  dt) , 

B(xo*rn)  vB(x0,R)  Jo  • 

fR  i  i  ”1 

where  g(s)  *  —  ,  y(s)  *  C(s)K(s/9)  and  c  3  (log  8  ) 

Proof  of  Theorem  3.1.10.  The  fundamental  inequality  (3.1.29)  is 
proven;  then  this  Is  Iterated  to  give  (3.1.31).  The  final  step  is 
the  crossover  from  Lp  norms  of  u  with  p  >  0  to  those  with 
p  <  0  .  This  is  accomplished  by  iterating  norms  of  log  u  . 
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It  can  be  assumed  without  loss  of  generality  that  u  Is  strictly 
positive,  otherwise  let  u  =  u+e  ,  e  >  0  .  u  is  a  weak  solution 

r 

of  div  A  *  B  ,  where  A(x,u,7u)  *  A(x,u-e,7u)  and  B(x,u,7u)  = 

B(x,u-e,7u)  ,  and  since  A  ,  B  satisfy  (3.1.2),  the  following 

proof  gives  sup  u  s  C(R)  inf  u  .  (3.1.11)  is  recovered  by  letting 

B(x0,8R)  B(Xq,0R) 

e  «►  0  . 

Throughout  the  proof,  c  will  represent  a  constant  depending 
only  on  p  ,  q  ,  0  ,  M  ,  bg  ,  and  will  change  from  time  to  time. 

Let  ®  *  $P  u8  exp(bg  signB  u)  ,  B  J*  0  ,  c  Cq(B(Xq.R))  . 

Several  applications  of  Proposition  2.2.2  show  that  $  e  Wq’P(B(xq,R)) 
with 

V®  •  p$p_1  7$u8  exp(bQ  signB  u) 

+  8$P  u8"1  u  exp(bQ  signB  u) 

♦  bQ  signB  <J>P  u8  exp(bQ  signB  u)  7u  , 

and  so 

B  j$P  u8'1  exp(bQ  signB  u)  7u  •  A 
«  -f  $p  u8  exp(bQ  signs  u)B 
-p  J  $p"^  u8  exp(bg  signB  u)  7®  •  A 
-bg  signB  J  $p  u8  exp(bg  signB  u)  7u  •  A  . 

Now  multiply  by  signB  ,  use  the  structure  inequalities  (3.1.2)  and 
u  s  M  ,  and  let  E  ■  exp(bQ  signB  u)  to  get 
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(3.1.24)  {6 


1  J  $P  u®'1  |7uiP  XE 
s  |8|  J  4P  ue+p_1  CjE  bQ  J  <J>p  uP  1  VuJ p  XE 
+  }4pu8|7u|p-1  b^  +  j^^P-1  b2E 
+  p  |  *P’1  | V<p (  u*  i7u|P’lyE  +  pj  $P_1  |V4j  ue+p”1 
-  bQ  |  4P  u0  |7ujP  XE  +  bQM  |  $p  uB+p-1  c-jE  . 

The  second  and  the  seventh  terms  on  the  right-hand  side  cancel. 
This  Is  In  fact  the  reason  for  introducing  exp(bQ  slgnB  u)  in  the 
test  function  «  . 

The  following  Inequalities  are  proven  using  Young's  Inequality. 


(3.1.25) 


v 


J  |7U1P-'  b,  b,P  X-fO-1’ 

+  U8"1  |7u|P  X  , 

e“(p-1) 

|7*|  u8  |7u|p-Vs  -  Ivtl"  u8*"-1  Mp  X-(p-’> 

+  iBdi  e2  *P  UB-1  |7U|PX  , 


(3.1.26)  ♦P‘1  |7*|  a,  l  1  |7*|P  up  x‘(p'1) 

+  iE=li  +p  aP/(P-')  „-P/(P-l>  x  . 


Applying  those  to  (3.1.24)  with  c1  “  r^y  •  and  eg  ■  $('p\  J  » 
and  absorbing  the  gradient  terms  Into  the  left-hand  side  It  follows 


I  |l  |  4P  ^  |vu|p  XE 


(p-1) 


*  ib  1 1  *»  c,e  ♦  ii_  j  *p  j*-*  bf  f«p-»E 

♦  I  ♦"  r>-'  b2E  *  +1)  J  |7*|P  u6^-'  „P  X-'P-’>E 

♦  J  *P  u^'1  M-P/(P-»  XE  ♦  b0M  |  *P  u^P-’  c,E  . 

b_u  b  nM  0  .  p 

Considering  that  1  s  e  0  s  e  0  and  iT  1  |7u[p  *  (£)  |Vuy/p|p 

for  y  s  B+P-l  J4  0  ,  it  follows  for  y  t  P-1  .  y  t  0  ,  that 
PP  j  ♦P  | 7uy/p|  P  X  s  c  c(y)  J  [RP  |7>|P0)  +  bpfR]  uY  , 
xhere  F„  »  rP[c,  tbp  x‘('-'l)  .b^a^P-1'  „-P/Cp-1)  x]  anli  c(y)  „ 

0+|B|‘V. 

Row  use  (3.1.6)  with  »  »  6ur/p  and  e"1  *  max(l  ,2cc(y))  . 

The  resulting  gradient  terms  may  be  absorbed  on  the  left  to  give 

(3.1.27)  RP  j *P  |VuY/P|Px  s  ce(Y)|  (e*S  *p(R)  *P.  Rp  |V4-|P)  uY„ 

(recall  X  s  co  ).  Using  Inequality  (3.1.4)  with  *  =  <pur/p  and 
®R  *  ^  follows  that 

(a^r  fB  ♦"  ^  * « (ah  L  G“T"  f  • 
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with  G  -  sp(R)  C(y)  (e-6  sp{R)*p  +  Rpj7*|p)  +  sp(r)rp  Jv<|>1p  +  tp(R)*p  . 


3.1.28.  This  Inequality  Is  now  Iterated.  To  do  this  choose  0^  , 

1  ■  0 , 1  .2,3,  such  that  r  a  eg  <  9]  <  ®2  <  ®3  “  1  *  and  let  P1  * 
R81  .  Also  let  Bk  *  Bfx^)  ,  where  rfc  «  R(®0  +  (Q1“®0)2”k)  . 

Choose  «  Cg(Bk)  such  that  0  s  ^  s  1  ,  $k  «  1  on  Bk+1  and 
|V*k|  s  2k+2/[R(e1-e2)3  ,  and  let  Yk  *  Y0(q/**)k  .  with  these 
choices  of  $  ,  y  it  follows  that 


(3.1.29) 


where 

C, ,!<<">  *  =(sP<R)[c(Tk)(=;S  sf(R)  ♦  )  ♦  (^)  ]  *  »»(«))  1  kl 


C(Yk)  and  1°  turn  k(R)  blow  up  If  Yk  tends  to  p-1  .  If 
Yg  <  0  ,  then  this  Is  Impossible.  If  Yg  >  0  *  then  Yq  "^st  be 
chosen  carefully. 


3.1.30.  Given  1  a  o  >  0  (to  be  determined  In  3.1.38),  pick  Yg 
such  that  |o<y0<u  and  [6k|  *  |Yk  -  (P-!)|  >  (  *  J)  Tor 

all  k  .  With  this  choice  of  Yg  »  C(y)  *  cyP  .  and  so  after  a  crude 
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r 


■ 


calculation  It  follows  that 


C1k(R)  s  Ck/ Tk  (s(RK|y0|  Sp/P(R)  +1)  ♦  t(R))! 


p/|yJ 


Iterating  (3.1.29)  it  follows  that 


(3.1.31)  SU,  USl9nT°  S(C,(R)  ^  jB  uT°b),/|Y0I. 


with  C-|(R)  *  H  C1  k(R)  .  Recalling  that  yk  “Yg^p)  »  it  follows 
that  k'° 


C-|(R)  a  c(s(R)(|y0|  s’/p(R)  +1)  +  t(R))1 


pq/(|y0|(q-pj) 


The  last  step  In  the  proof  is  the  "crossover".  First  an  Ine¬ 
quality  Is  derived  which  In  the  uniformly  elliptic  case  leads  to  the 
conclusion  that  log  u  «  B.M.O.  which.  In  turn,  gives  the  “crossover". 
If  a>  Is  not  a  doubling  measure,  this  is  not  sufficient,  and  one 
further  iterative  procedure  Is  necessary  to  get  the  "crossover". 

3.1.32.  Take  0  »  1-p  at  (3.1.24),  and  proceed  as  before  but  with¬ 
out  using  inequality  (3.1.26)  to  get 


j  *P  J?  log  u J p A  s  c  |  ♦P(c1  +bp  A’(p_1)  +b2) 

♦  ♦p“1  |7*|  a,  +  |V*|P 


o>  . 


calculation  It  follows  that 


Clik(R)  s  Ck/ Yk  (s(R)(|y0|  s’/p(R)  +1)  +  t(R>) 


p/|yl 


Iterating  (3.1.29)  It  follows  that 


(3.1.31) 


sup  u 
B 

P 


s1gnYf 


Msfot  ■NVlY#l- 


with  C-j(R)  *  n  C1  k(R)  .  Recalling  that  Yfc  3  Yq(|)-)  »  It  follows 

that 


C-j(R)  s  c(s(R)(|Yo|  sJ/p(R)+1)  +  t(R))Pq/(,Y°,<q  P)). 


The  last  step  In  the  proof  is  the  "crossover".  First  an  Ine¬ 
quality  Is  derived  which  In  the  uniformly  elliptic  case  leads  to  the 
conclusion  that  log  u  e  B.M.O.  which.  In  turn,  gives  the  "crossover". 
If  <0  Is  not  a  doubling  measure,  this  is  not  sufficient,  and  one 
further  Iterative  procedure  Is  necessary  to  get  the  "crossover". 

3.1.32.  Take  B  »  1-p  at  (3.1.24),  and  proceed  as  before  but  with¬ 
out  using  Inequality  (3.1.26)  to  get 

|  $p  )7  logu|pX  s  c  |  ♦P(c1  +b^  x’^p"^  +b2) 

♦  ♦p’1  |7$|  a,  +  |7*|P  o»  . 
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Choose  *  «  C*(B(x0.RJ  such  that  0<M'.  ♦  *  1  on  Bp2 
and  |P,|  «  2/(R-P2)  *  R'1  (2/0-8  2)  .  so 


pp  |  |v  log u| P  X  s  c  H(R)o»(Br)  , 


where 


Using  Inequality  (3.1.5)  It  follows  that 


(3.1.33)  f  |1°9  f  I  “  *  c  * 

'B 

p2 

where  K(R)  *  POO  H(R>  *  R(R>  k  *  ^TT  L  (l09  u)  "  ' 

p2  p2  • 

To  derive  the  Inequality  needed  In  the  final  Iteration  let  the 
test  function  be 

«  ■np  u1*p()v|B  +  (^>S)  exp(-bQ  u) , 


.  rmfa  \  «  >  o  .  v  •  loo  r  »  h  as  above,  and  Sal. 

where  n  «  CQ(BR)  »  n  s  0  *  9  k  1  p 

Repeated  applications  of  Proposition  2.2.2  show  that  0  «  V  (B(VR)) 
with 
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7*  -  pnP-1  7nu1‘P(|v|6  +  {  ^p)  )  exp(-bQ  u) 

-nP  u"p7u((p-l)(lvl0  +  (^p)  )-  (SM6'1  sign  v)exp(-bQu) 

-  b0npu1'p(lv|6  +  (^-)  )  exp(-bQu)7u  . 

3.1.34.  Substituting  this  In  3.1.3  and  letting  E  *  exp(-bQ  u)  ,  It 
follows  that 

J  nP  u~pe((p-1)(|v10  +  (^f)  )  -  B l  v|0_1  sign  v^7u  •  A 
-  l^J  if  ♦<£■>%.» 

Use  the  structure  Inequalities  (3.1.2)  and  |v|®_1  s 
MB  +  (^)8  to  get 
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ii^Jnl>U-|,|7u|P  e(|v|8  ♦  (0f)S)X 

i  p  { A(wi8  *  ci 

♦  p  |  np-’  |Pn|  <‘,'p  <Me  ♦  ( |?r  *)'7u'l>’1  “ 

+  P  { np'’  i^>|e(m6  * ( p^T1  )  *1 

-b0  [npu1‘peOvl6  *  (|?r>e)l7l,iPx 

+  b0  nfnp  e(|v|8  ♦  (  )  <=1 

*  b„  J  npu1'pE(|vle  +  (^r)8)l^ulP  x 

+  JnpuVpE(|v|8M^)V“lP'1  bl 

♦  j  T>P  e(|»|8  +  ($■)  )  b2  • 

3.1.35.  The  fourth  and  sixth  terns  cancel.  Eliminate  E,  multiply 
b,  Rp  ,  use  Young* s  Ineguallty  as  before,  and  recall  that  Pv  - 

u"1  vu  to  get 

R8  (  np  |pv|p  (ivl6  +  (^r)  )x 
scj  (|v|8t(^)V,FRtRP>PnlP")  ' 

us.  ivi8  s  (m*p  t  <^/P)P  •  y  -  e-P-i  (i  *»  - the  H8ht 
and  8|v|8°s|Y|8  +  (^r)8  on  the  left  to  get 
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Rp  |  np  I vvY/pI  p  x 

S  Crp  |  (|v|Y/p  +  (npFR  +  Rp|7n|p4  . 

Use  Inequality  (3.1.6)  on  the  FR  term  with  4  * 

n(|v|Y^p  +  (^f)  )  and  e"^  =  2cyp  z  1  and  then  cancel  gradient 

terms  to  get 

Rp|np  Iwy/p1p  xs  cyp  |  <e"6  sp(R)np+Rp  |Vn|)(|v|Y/p  +  *> 

Use  Inequality  (3.1.4)  with  4  a  nvY^p  to  get 

(aJjrJn'M^.r 

*  s<R)G^y  |(E"S sFtR,r,p  +  rP niOCm7  +  ) “ 

+  STB^T  J  rP  l7nlPl,llr  “)/P  +  ttR)(^rl  "P  |v|Y  “)/P 

S  c(5f5-T|(s(R)rp(e‘6sF(R)T,p*Rp|'m|p)  +  tp(R)np)  * 

Wm^,tp. 

L«t  Bfc  *  B(x,rk)  ,  rk  •  R(01  -(e2-«1)2'k)  ,  k  *  0  ,1  . 

Pick  nk  <  dJ(Bk)  such  that  0  s  nk  s  1  ,  nk  *  1  on  Bk+1  ,  and 
|Vnk|  i  2k+2  /  (R(e2-e1 ))  ,  and  let  yk  *  p(q/p)k  .  This  gives 
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Wri  « 

R  ;»k+1 

c2.k<R>(sO  L  >v|T‘*(&)  • 


6k  ,’/Tk 


vl/Y, 


irith  C2  k(R)  *  c^sp(R)  yp  V(R)  +  (e2-e,)  )  *  tP(R)) 
Recalling  the  definition  of  e  it  follows  that 

C2ik(R)  S  ck^kGP<R)<sF<R)+1)  *tP(R ))  Tk  • 

Use  Minkowski's  Inequality  to  get 


\V»M 


(afr  w'*'  -)  5  c  c^k<R’ 


Iterate  this  to  get 


u^R'  \ 


YkV/Yk 

lv|  *  +  Y 


(sfcr  1 ,,|V’ ' s  k-o  i5z  |v|P  “) 


♦  T  (  5  C,  u(R))  Y  4 

jSo'k-J  2>k  ’  3 


«*.*<*>  *  1  »  X  (j,  C2.k(R>)^  S  j0  ^  M  C2’kW  4 

CY.  «  C,k(R>  «  c  TnCs(R)(*1F/P0»)  *1)  +t<»)><,/t<,'P>  • 

"  k-0  Z,K 

Let  Cj(»)  *  c(s(R)(SJ/P(R)  M)  ♦  t(R»,/l‘,'p)  .  then 
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I/Y 

‘V«KatTl  Mp “)1/P  +  yJ  . 


R'  -'B. 


Given  sap,  then  Yn  s  s  <  Yn+-j  for  some  n  a  0  .  Use  Holder's 
Inequality,  <o(Bn+1) /co(BR)  s  1  and  Bp^  £  Bn+i  to  get 


(3-'-3S)  (^IB  mp  “j 


R'  -»B. 


Expanding  ex  In  a  Taylor  series.  It  follows  that 


afrl  ea|V|  *  '  j0  £(=lJ?  Jb  |v|S“)' 


Use  Holder's  Inequality  on  the  first  [p]  terms  and  (3.1.36)  on  the 
rest  to  get 


TO  L  e‘|v| « s  j.  fr  c2(R>(Gtfb  L  |vip  “) ,P  +  4  ■ 


>Vp  \S 


R;  JB 


c  bS 


The  series  £  rr  (x+s)5  converges  and  Is  bounded  by  cex  if 
s«0  51 

b  <  e”1  ,  so 


51^7  fB  e*|V|  *  «  £  lvlP“) 

Pi  P2 

s  cec(p(R)H(R)+q(R)) 


if  a  <e'1C21(R) 


since  (3.1.33)  holds.  Finally, 
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s  cec(p(R)H(R)+q(R))k±a  # 


and  so 


(3. I. 37) 


*  C€c(p(R)H(R)+R(R))/a 


If  a  <  e^Cj^R)  . 

3.1.38.  Let  o  from  3.1.30  be  e^C^R)  so  that  3a  such  that 
po/q  <  a  <  o  and  (3.1.31)  holds  with  yQ  »  ±a  .  With  this  choice 
of  Y(}  It  follows  that  |y0|sJ/p(R)  s  1  so  that  C^R)  s 
c(s(R)  +t(R))pq/(lYol(R-P))  .  combining  (3.1.31)  and  (3.1.37)  It 
now  follows  that 


sup  u 
B 

P 


C(R)  Inf  u 

B 

P 


.1th  C(R)  -  [(s(R,+t(R»exp(p(R,H(R,.q,R,,]C(S(R,,SF/P'R>+’»+t<«)q/(q-P) 
since  It  was  assumed  that  s(R)  a  2  for  simplicity.  I 


Proof  of  Corollary  3.1.12.  It  Is  easy  to  see  that  if  u  Is  a  solution 
of  (3.1.1),  then  -u  Is  a  solution  of  an  equation  which  is  almost 
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Identical  to  (3.1.1)  and  which  satisfies  conditions  (3.1.2).  Because 
of  this  It  Is  only  necessary  to  deal  with  essential  minima. 

Since  ai  *  a2  *  b2  *  b3  “  ci  8  c2  8  0  »  ^  is  seen  that 
V-c  Is  a  solution  for  any  constant  c  .  Assume  V  has  an  essen¬ 
tial  minimum  at  xn  and  let  u  *  V  -  inf  V,  and  apply  Theorem 
0  B(xq,R) 

3.1.10  for  any  9  ,  0  <  9  <  1  ,  to  show  that 

sup  V  -  Inf  V  sC(R)(  inf  V  -  inf  V) 

B(xo,0R)  B(xq,R)  B(xq,0R)  B(xq,R) 

*  0  , 

and  so  V  ■  Inf  V  *  inf  V  a.e.  In  B(xn,9R)  .  But  then  the  set 
B(xq,R)  fl  0 

of  points  where  V  achieves  its  essential  minimum  is  both  open  and 
closed  so  the  connectedness  of  H  implies  that  V  =  inf  V  a.e. 

n 

In  ft  .  I 

Proof  of  Corollary  3.1.13.  let  u  *  u  +  K(R)  and  define 

A(x,u,Vu)  *  A(x  ,  u-K(R)  ,Vu) 

and 

fi(x,u,7u)  a  B(x  ,  u-K(R)  ,  Vu)  » 


so  that 
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|A(x,u,7u)|  *  | A(x,u,7u)| 

s,  p|7u|P~^  +  a^up  ^  +  a2 

ili|»0|p'1  ♦  (a1+»2K-(p-1)(R))  Cp‘’ . 

Similarly, 

|5(x,u,7u)|  s  bQ  X|7u|P+  b1}7GiP“1  +  (b2  +b3  K"(p_1)(R))  G  P_1 

and 

A(x,u,7u)  *7u  a  X  |7u|P  -  (c1  +  c2K-p(R))Dp 
and  dlv  A  *  B  . 

Now  apply  Theorem  3.1.10  to  u  to  get 

sup  u  s  C(R)  Inf  u  , 

B(xo,0R)  B(xQ,eR) 

and  (3.1.14)  follows.  I 

Proof  of  Theorem  3.1.15.  Let  u,  »  u  -  Inf  u  ,  u„  *  sup  u  -  u  ,  Br  - 

- g  t-  g 

B(x0.r)  ,  r  r 

A1(x  ,  u1  , 7u-j)  ■  A(x  ,  u,  +1nf  u  ,7u.j)  , 

Br 

A2(x  ,u2  ,7u2)  *  A(x  .sup  u-u2  ,-7u2)  , 

®r 

and  similarly  for  B^  ,  1  *  1  ,2  ,  so  that  u^  ,  1*1,2,  are 
solutions  to  the  equations  dlv  A^  *  B^  ,  1*1,2,  which  satisfy 
the  structure 
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|Ajl  s  y|7ui|p“1  +  (a^M  +  a2)  » 

(Sjj  s  bgXlVu^P  +  *>1  JVui i P-1  +  (b2M+b3) 
•7ui  a  A  |^ui | p  -  (CjM  +  Cg)  . 

Now  apply  Corollary  3.1.13  to  get  that 


sup  ili  s  C(r)  inf  u.  +  (C(r)-l)K(r)  for  0  <  r  s  R 

B  B  1 

re  re 

Adding  these  inequalities  gives 


Osc  u  +  Osc  u  s  C(r)(Osc  u  -  Osc  u)  +  2(C(r)-l)  K(r)  , 
B  B  B  B_^ 

re  r  r  re 


and  so 


°se  u  s  (Osc  u  +  2  K(r)) 

Br0  Br 


Now  apply  Lemma  3.1.16  to  finish.  I 


Proof  of  Lemma  3.1.16.  Iterating  (3.1.18)  easily  gives  (3.1.19). 
Assume  (3.1.20)>  so 


n-1  C(r.)-1  n-1  7 

(3.1.39)  ITFJFT-^o'^-crF^T, 

n-1  .  n-1  . 

^  *2  l  c(r  \+i  %  ~  l  F77  T 
kiO  t'rk'  1  k*0  u'rk' 


since  C(rJ  a  1  ,  so  II  at  -*■  0  .  Furthermore, 
k  k.0  K 


1 


n-1  n-1  n-1  .  n-1  n-1  \ 

(3.1.40)  2  l  K(r .)  n  ak  -  ]>  K(r . ) (C(r . )-l )(  n  ak  -  It  aj 

j-0  J  k«j  K  j-N  J  J  vk«j+l  K  k-j  K 


N-1  n-1 

+  2  l  KfrJ  n  a. 
j»0  J  k»j  * 


s  sup  KtrjCCr.) 
jaN  J  J 


•  + 


.n-! 

?(n 

vk-0 


so  given  e  >  0  ,  pick  N  such  that  K(r.)C{r.)  <  e  for  j  a  N  . 

n-1  J  J 

Then,  since  n  a.  +  0  as  n  ,  it  is  possible  to  pick  n  >  N 
k-0  * 

so  that  the  second  term  Is  less  than  e  .  Therefore  (3.1.21)  Is 
proven. 

•  7 

To  prove  3.1.22,  first  assume  that  T  rr!rT  <  ®  »  so  from 

n-1  k-0  n-1 

(3.1.39)  It  follows  that  n  a.  2  C  >  0  ,  and  so  n  a  converges 

k-0  K  k-0  n 

to  a  strictly  positive  number  since  ak  <  1  .  It  Is  possible  to 
choose  u  such  that 


Osc  u  »  a.  Osc  u  ,  k  ■  1  , 2  ,  ...  , 

B  K  K 
\  "k-' 

OB 

but  then  11m  Osc  u  *  n  a.  Osc  u  >  0  .  The  other  possibility  is 
rH»  k-0  K  B 

rn  r 

that  Clr^Kfr^)  a  c  >  0  ,  in  which  case  pick  u  such  that 

Oscu-e-(l-i)c, 

B  6 

rk 

so 
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e  s  0  -f)C(rk)K(rk)  s  (C(rk)  -l)K(rk) 


by  (3.1.17),  and  so 


e(l  -ak)  s  2akK(rk)  and  e  s  ak(c +2K(rk))  , 
satisfying  (3.1.18). 

To  prove  (3.1.23),  pick  M  ,  c  ,  a  >  0  such  that  C(rk)  s  H  , 


K(rk)  s  cr“  ,  k  *  0  , 1  , 2  ,  ... 


ak  *  1  -  cT^FT  s  1  -  m  * a  * 0b 


for  some  b  >  0  ,  and  so 


Osc  u  s  a0”1  Osc  u  +  2c  7  e°^an"^ 
Br  B,  j-0 

n 


inb  0(oi-b)j 


s  (0R)  r°  Osc  u  +  2c  R®  6  7  8 

n  K  A 


s  C  rn 


for  some  c'  ,  o'  >  0  ,  since 


a-b  >  0 


V  0(a-b)j 

j-0 


s  <  n 


c"  e(o-b)n 


o-b  <  0 


To  prove  sharpness  first  assume  that  C(rk)  Is  not  bounded  so  that 
the  monotonicity  assumption  gives  C(rk)  t  •  .  Now  pick  u  such 


* 


Osc 

1L 


k-1 


Osc 

V 


k-1 


so  that 


n-1 

Osc  u  *  n  a.  Osc  u  . 

k-0  K  B 
rn  r 


If 


Osc  u 


scr. 


then 


n-1 

R 

k-0 


ak 


,  c  e"V 
Osc  u  * 

“r 


Pick  N  such  that  8°  <  <j  s  afc  <  1  for  k  a  N  ,  so 


.  (  I  SC'S"0  , 

vk«o  v 


and  then 


( 


n 

)  s  c” 


for  n  a  N  ,  which  Is  Impossible  since  fi  >  0a  .  To  show  the  neces¬ 
sity  of  K(rk)  &  cr°  ,  pick  u  such  that  (3.1.19)  Is  satisfied 
with  equality.  Assume  Osc  u  s  c  r®  ,  n  *  0 . 1  , ...  ,  so  that 

b  n 
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*  2Vl  K*rn-1^  2  ■  6+1  ^rn-l^ 


and  K(rk)  s  c'  r®  ,  k  *  1  ,2  ....  . 

Finally,  assuming  that  C(r)  is  nondecreasing  and  K(r)  is 
nbnincreasing  as  r  -*■  0  *  it  follows  that 


n-l 

n 

k-j 


n-l 

l  log  a. 
ek-j 


n-l 

-  I  l/(C(rJ) 
k*j  * 


-c 


s  e 


n-l  frk 

I  (l/(C(r)))dr/r 

k=3  JVl 


where  c 


(log  e"1) 


,  and  so 


n-l  -c(g(r  )-g(r .)) 

n  a.  s  e  "  3 

k«j  * 


where 


Also, 


n-l  n-l  n-l 
l  K(r.)  II  ak  s  l  K(r,)  e 
J=0  3  k«j  K  j-0  3 


-c(g(rn)-g(rj)) 


-cg(r_)  n-l  fri 


see 


"if  K(|)e'9<s>f 

JSO  Jrjt, 

e  (’,lr"1  [*  C(s)  K(f-)ec9(s)  |g'(s)|  <ls 

Jr,  9 

*9<pn)  |S*r»' 


c  e 


Y  °  9’1(t)  ect  dt  , 


where  y(s)  *  C(s)K(f)  ,  so  that 
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Osc 

B_ 


-cg(rj 


use 


"(osc 

br 


,9(rn) 


u  +  2 


Y°  9 


(t)  ect  dt) 


Boundary  Continuity 

In  this  section  solutions  which  take  on  continuous  boundary 
values  In  a  weak  sense  will  be  shown  to  do  so  continuously.  The 
definition  of  weak  boundary  values  adopted  is  that  introduced  by 
Garlepy  and  Zlemer  [GZ].  The  local  nature  of  this  condition  is  more 
appropriate  and  less  restrictive  than  the  more  usual  global  condi¬ 
tion  that  u-f  c  Wg*p(a)  for  boundary  values  f  e  V^,p(a*)  , 
a  e  a'  and  f  continuous  In  a'  -a  .  In  Proposition  2.2.86  it  is 
shown  that  under  certain  circumstances  the  two  are  equivalent. 

For  (u,Vu)  «  w]*p(a)  »  *g  «  SO  and  1  a  »  »  It  Is  said 

that 

(3.1.41)  u(xQ)  s  l  weakly 

If  for  every  K  >  t  there  Is  an  r  >  0  such  that  n(u-k)+  « 

wj,p(a)  for  all  r\  €  Cg(B(Xg,r))  .  The  condition 

(3.1.42)  u(Xq)  a  l  weakly 

Is  defined  analogously  and  u(xg)  »  l  weakly  if  both  (3.1.41)  and 
(3.1.42)  hold. 

Throughout  this  section  It  will  be  assumed  that  a  ,  a'  are 
open  with  a  £  a'  ,  and  that  y  ,  X  ,  a^  »  ,  1  ■  1  , 2  ,  b1  , 

1  ■  1  ,2 ,3  are  defined  In  a*  . 

Suppose  that  u  is  a  bounded  weak  solution  of  (3.1.1)  in  a 
and  that  Xq  c  da  and  u(xg)  s  l  weakly.  For  k  >  l  let 
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r 

I  : 


'  (u  -  k)+  ,  n 

Uk  *' 

.  '■O  i  n'  -n 

so  for  some  R  >  0 

(3.1.43)  nuk  6  wj’p(fl)  if  n  e  Cq(B(xq,R))  . 

In  the  setting  of  3.1.48  it  is  shown  that  given  R  >  0  ,  (3.1.43) 

holds  for  all  k  >  sup  f  .  In  any  case.  Theorem  3.1.44  holds 
B(xQ,r)nan 

for  ai\y  R,  k  for  which  (3.1.43)  holds.  It  will  be  assumed  that 
the  Sobolev  inequalities  (3.1.4),  (3.1.5),  (3.1.6)  hold  for 
0  <  r  s  R  ,  where 

F(r)  -  rJ>[(c1+c2)K‘l>(r)  ♦  bp  +  (b2+b3)K'(p-’>(r) 

♦  {a,+a2)p/<P-1>  K-P(r)  „-p'<p-’>]  ' 

for  some  function  K(r)  ,  0  <  K(r)  s  1  . 

Let  y(r)  *  sup  u.  and  u  a  y(r)  +  K(r)  -  u.  . 

B(x0,r)  k  * 

3.1.44  Theorem.  If  u  Is  a  bounded  weak  solution  of  (3.1.1)  in 

fl  with  |u 1  s  M  ,  Xq  e  an  and  u(xq)  s  l  weakly,  and 

n  <  Cq(B(xq  ,r/2)) ,  with  ( Vn |  s  £  and  r  <  R  ,  then 

rp  f  |7(nu)|p  1 

*  (li(r)+K(r»(u(r)-y(f)*K(r))p-1  •  G(r)  oi(B(x0.r))  . 
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c(s(r)(sJ./P(r)+l)+t(r))q/(q*r) 

G(r)  «  C(s(r)+t(r))exp(p(r)H(r)+q(r))] 

and 

H(r)  •  1  +  5TB-J-  J  +  b!|  X-(P-1U  (b2+b3)K'fp-1 5(r)]rp 

r  6|r  +  <«,  ♦»2)H'<p'')(r)  rp'’)  . 

Br  •  B(xQ,r)  .  c  depends  only  on  p ,  q ,M  ,c  . 

Definition.  If  Kefl1  Is  compact,  then 

CX(K)  -  InffJ  |V$|P  \  :  *  «  C^fo')  »  $  i  1  on  K}  . 


3.1.45  Theorem. 
q  and  |u|  i  M  , 

(3.1.46) 


Suppose  u  Is  a  bounded  solution  of  (3.1.1)  In 
xQ  e  an  and  u(xQ)  »  i  weakly.  If 

1/(P-1) 

_  dr 

'O' 


[  /C>(»(«0,r/4)-n)rl>  \ 
Jo\  m(B(x«,r))  G(r)  / 


and 


,  then 


llmsup  |u(x)-t|  ■  0  . 

***0 

x«n 

6(r)  Is  as  In  Theorem  3.1.44. 


Remarks.  Semi continuity  results  for  sub-  and  supersolutions  and 
results  on  capacltary  fine  limits  may  be  derived  as  In  [GZ], 
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If  u  Is  taken  to  be  quasi  continuous  (see  2.2.20),  as  may 
be  done  If  C^(E)  *  0-*|E|  a  0  (a  condition  which  follows  from  . 
the  existence  of  a  Poincarfi  inequality),  then 

(3.1.47)  sup  u  *  supc  u  , 

where  sup  u  *  inf{telR:  u<t  a.e.}  and  sup£  u  *  InfCteIR: 
u<t  quasi  everywhere)  .  Theorem  3.1.45  then  states  that  u(xM  as 
for  all  x  €  n  outside  of  a  set  of  capacity  zero.  (3.1.47)  follows 
from  the  fact  that  u  can  be  approximated  pointwise  quasievery- 
where  by  <j>n  e  C*  such  that  $n  s  sup  u  .  This  is  proven  in 
Proposition  2.2.2. 


Modulus  of  Continuity  at  the  Boundary 

3.1.48.  Assume  f  :  3fl  -*>IR  Is  continuous,  and  u  »  f  weakly  on 
311  .  If  Xq  <  311  ,  i  ct 


V(r)  »  sup  (u-f(x0))+ 
B(x0,r)nH  J 


and 


M(r)  ■  sup  f-f(x0)  .  . 

B(Xp,r)n3fi  u 


From  (3.1.51)  and  (3.1.52)  in  the  proof  of  Theorem  3.1.45  it  follows 


when  r,  k  satisfy  (3.1 .43).  But  by  Lemma  3.1.50  r,  k  satisfy 

(3.1.43)  if  k  >  sup  f  .  It  is  clear  that  (u-f(xQ))+  s 
B(xQ,r)n3n 

(u-k)+  +  k-f(x0)  ,  so  V(r)  s  y(r) +k-f(xQ)  .  But  (u-k)+  s 

(u-f(xQ))+  ,  so  u(r)  -u(r/2)  s  V(r)  -  V(r/2)  +k  -  f(xQ)  ,  and  letting 

k  *  sup  f  it  Is  seen  that 
B(xQ,r)n3fl 

(V(r)-m(r)+K(r))A(r)  s  (V(r)  -  V(r/2)  +  m(r)  +  K(r)) 

and 

V(r/2)  s  (1  -A(r))(V(r)+K(r))  +  (1+A(r))m(r) 
s  (1  -^jP-)(V(r)+  K(r)  +4m(r)) 

‘  (-$?}})  <v<r>+2R<r» 

for  C(r)  «  4A~1(r)  and  R(r)  »  .  with  this  Identifica¬ 

tion  Lenina  3.1.16  applies.  In  particular: 

3.1.49  Theorem.  If  A(r)  ic>0  and  K(r)+m(r)  s  cr°  for  some 
a  >  0  *  then 

(X* 

sup  lu-ffxJi  s  cr 

B(Xg,r)nn 


for  some  o'  >  0  . 


Proof.  By  Lenina  3.1.16  and  the  calculations  above,  it  follows  that 
V(r)  s  cra  for  some  o'  >  0  .  Do  the  calculations  above  for  -u 

+  ftU 

and  -f  to  get  sup  (f(xn)-u)  s  cr  ,  a"  >  0  ,  and  the 
B(x0,R)nfl  u 

result  follows.  ■ 


3.1 .50  Lemma.  If  u  e  wj *p(n)  .  f  :  3ft  -*■  1R  is  continuous  with 
u  s  f  weakly  on  3fl  and  xQ  «  an  ,  r  >  0  ,  then 

n(u-k)+  «  wj,p(n) 

for  k  >  sup  f  for  all  n  e  C«(B(xn,r))  . 

B(xg,r)nan  u 


Proof.  The  result  follows  from  a  partition  of  unity  argument. 

Assume  k  >  sup  f  so  given  x  c  an  n  B(xn,r)  ;  3  f  >  0  s.t. 
B(x0»r)nan  u 

r  s  r  and  n(u-k)+  «  Wg,p(n)  for  n  e  Cg(B(x,r))  .  The  balls 

B(x,r/2)  cover  B(xQ,ry  n  an  ,  which  is  compact,  so  pick  a  finite 


subcover  B^  «  B(x^,r^/2)  ,  i  «  1  ,2  , ...  ,  n  .  Choose  c 
<5<b<v  r^))  with  8  1  on  B^  ,  and  let  N  «  (6(xQ,r)  n  n)  -  y  B 

n  1*1 

N  Is  compact,  and  N  c  n  since  fl(xn,r)  n  an  c  y  8,  ,  so  choose 

.  ”  u  n  “  1-1  n 

nn  €  cn(n)  with  nfl'1  on  N  .  Since  [  ti.  j  1  on  Q  B,  u  N  , 

00  0  i»o  '  1-1  1 


choose 


with  ♦ 


n 

1  on  (J  B.  u  N  .  It  fol- 
1-1  1 


on  n  B.  u  N  .  But  h,(u-k)+  €  wl’P(a)  since  «  co^xi’ri^ 

1-1  1 

for  1  ■  1  , ...  ,  n  ,  and  nQ  e  Cg(n)  ,  so 

ij>(u-k)+  -  l  Tn(u-k)+  e  wl*p(n)  . 

1-0 

But  *  »  1  on  B(xn.r)  n  (l  c  (J  B,  u  N  ,  so  n(u-k)+  -  nU>(u-k)+  « 

0  1-1  ’ 

wj*p(n)  for  all  n  «  cJ(B(x0,r)) ,  as  required.  I 

Proof  of  Theorem  3.1,45.  Given  k  >  1  ,  it  Is  clear  that  u  • 
u(r)+K(r)  If  uk-0.  Take  n  -  1  on  B(xQ,r/4)  so  v(r)n+UK(ry  "  1 
on  B(xQ.r/4)  n  {Uk*0}  »  and 

(3.1.51)  Cx(B(x0. J)  n  {Uk«0}) 

s  r’p(u(r)+  k(r))"(p’1)-  (u(r) -u(  \ )  +  k(0)P“1  co(B(x0,r))  G(r) 

from  (2.2.30),  Theorem  3.1.44,  and  the  definition  of  Cx  . 

If  A  *  limsup  u  >  l  ,  then  for  k  such  that  t  <  k  <  A  »  It 
**x0 


Is  clear  that  y(r)  *  A-k  >  0  .  Also, 


(3.1.52) 


B(xQ,r)  -n  £ 3(xq ,r)  n  ^uk“0> 


by  the  definition  of  u^  ,  so  from  (3.1.51)  it  follows  that 

/  -  n  \1/(P-1) 

‘  /  Cx(8(x0,r/4)-n)rp  \  dr 

y  co(B(xQ,r)  G(r)  j  T 

s  (A-k)-1  [  (p(r)-u(r/2)+K(r))  £  . 

Jo  r 

This  is  finite  since  y(r)  is  monotone  increasing  and  [  K(r)  —  <  «  , 

Jo  r 

but  then  (3.1.46)  is  contradicted,  and  so  limsup  u  s  l  . 

Xefl 

Since  -u  is  a  solution  of  a  slightly  altered  equation  which 
satisfies  the  structure  inequalities  (3.1.2),  it  is  also  true  that 


limsup  -u  s,  -l  , 

***0 

XeO 


which  completes  the  proof.  I 


Proof  of  Theorem  3.1 .44.  Let  i|>g  *  u®  -  (y(r)+K(r))®  for  B  t  0  . 
Given  0  <  r  <  R  ,  R  as  in  (3.1.43),  assume  <j>  c  ^(B^.)  ,  Br  ■ 
B(xQ,r)  ,  and  choose  n  «  Cq(Br)  so  that  n  a  1  on  Br.  qu^  e 
Wq,p(0)  ,  so  repeated  applications  of  Proposition  2.2.2  show  that 
*  €  wj’p(fi  nBr)  ,  where 
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b  slgne  u 
♦  •  4P  *0  •  ° 

n  «  ft.  bn  Slgn0{y(r)+k(r)-nuk) 

•  ♦P((u(r)+lc(r)-nul,)e  -  (u(r)-Hc(rD6)  e  0  . 


with  gradient 


V«  -  p  7$  ^  e 


p-%  .V19*5 

0 

n  ft  t  -  bftSlgne  u 
+  MPu^"  Vu  e  ® 

bQ  slgne  u 

+  slgne  b0<frpij>g  e  0 


Vu  . 


b0  slgne  u 

Substitute  this  In  (3.1.3),  use  E  *  e  u  ,  and  multiply  by 

slgne  to  get 


|e|  |  *p  uM  Vu«AE 

•  -slgne  |  $%6  BE  -  slgne  P  j  *P“1  ^  V$  •  AE 
-  bfl  J  $p  Vu  •  AE  . 

Use  the  structure  Inequalities  (3.1.2)  with  the  fact  that  $  ,  Vu  , 
and  are  supported  In  ii  ,  »  0  on  {u<k}  ,  and  Vu  * 

-X{u*k)  Vu  t09et 
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1 8 ]  J  ♦Pu0"1  |7u|p  XE 
*  |b|  |  ♦pGB“1(c1ju|p+c2)  E 
+  b0  |  <DP  4>g|vH|p  XE 

♦  |  *%6  l^u!P'] 

+  |  $%g(b2  fulP_1  +b3)E 
+  p  |  jv<p|  *P'%B  IVujP*1  ME 
+  p  |  |V<p|  ^  ^  (a,  HP'1  +  a2)E 

♦  bo  |  *%i7^P  XE 

♦  b0  |  l«lP  +  c2)E  . 

The  second  and  the  seventh  terns  cancel.  Use 

(3.1.53)  1>6  s  uB  .  juj  s  M  ,  1  s  5  K ’V)  ,  l  -  (a^a^K’^tr)  , 
E  «  (bg+b^K'^^fr)  ,  c  »  (Cj+c2)K-p(r)  ,  and  K(r)  a  1  , 

to  get 

(3.1.54)  ]5|  |  ♦puH  |VulP  XE  s  c(B+l)  J  4P  u^'^E +£)E 

+  |  4Pu0  (VujP”1  b-| E 
+  P  |  M  ♦P’1  u6|7u|p_1  uE 
♦  c  |  |74|  ^  u  B+p'1  aE  . 
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Much  of  the  rest  of  the  proof  follows  that  of  Theorem  3.1.10. 
Continue  as  from  (3.1.25)  with  minor  changes  such  as  the  redeflnl- 
tlon  of  F(r)  to  get  as  in  (3.1.27)  and  (3.1.29)  that 


(3.1.55)  rp  J  *P  |70^P|PX  s  c  C(Y)  J  (e*6  s^(r)*p  +rp|7*|p)  GY  « 


for  y  f  P“1  »  y  f  0  ,  and 
(3.1.56) 


0/|rk+1l 
u  -  ■  u 


-Yk+1 


*  ci.k(r)(;^y  |Bk “)’/lYkl  • 

Cl.k(r)  *  ClsP(r>[C(’fk)(Ek5sF<r)  +  (|^)P)+  (y^)"]  *  tP<r>) 

Given  a  s.t.,  0  <  a  <  p-1  ,  Iterate  as  in  (3.1.31)  with  Yq  * 
-a  <  0  ,  to  get 

(3X57)  (sioL  '  1  ci(r)  • 

P1  p 

with  C,(r)  -  c(s(r)(|Yo|  sj/p(r)+l)  ♦  t(r)  lY|)l <<’"P)  . 

As  In  3.1.38*  Yq  will  be  chosen  so  that 

C|(r)  *  c(»(r)+t(r))M/|Y#|(,',,)  . 


vW.I 


If  yq  *  a  >  0  ,  Iterate  inequality  (3.1.56)  only  for  k  s  kQ  > 
where  Yk  <  P-1  •  By  choosing  and  e2  at  3.1.28  slightly 
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differently  the  Iteration  gives 


(3.1.58) 


for  d  ■  Yir  <  P-1  • 

*0 

The  "crossover"  also  follows  that  of  Theorem  3.1.10  closely.  Proceed¬ 
ing  as  from  3.1.32,  using  (3.1.54)  Instead  of  (3.1.24)  and  letting 
log  u  (o  ,  It  follows  that 

2 

^  (P  w  s  c(p(r)H(r) +q(r))  , 

where  H(r)  «  1  +  f  ([(c^c^lf  p(r)  +  bp  (b2+b3)  K"^1  \r)}  rp 

+  (a^+agjK-^-1  V)  r^1)  .  Now  let  *  ■  n%(|vj8  +  )e  0  for 

B  2  1  with  n  «  Cg(Br)  »  *  01-P  -  (u(r)+K(r))1-p  ,  and  v  *  log  jr  , 

ICj  as  above,  and 


v*  -  pnp’17n<»(|v|B  +  (^-)  )  e  0 

-  nP0'P^o((p-l)(|v|8+  (^-)  )  -  |v|B”]  sign  v)  e  0 

-  vp*(ivM#f)«'v*=- 

Proceed  as  from  3.1.34  recalling  that  V  s  u^"p  and  that  n  ,  ?u  , 


-190- 


are  supported  In  8  ,  then  continue  as  In  (3.1.53)  to  get 


J*po'p  |7u|p  (|vis 

<  c^f  +p  (B+c))(ivi®  +  (^rf) 

♦  |  ^  u1-**  (|v|«  +  )  IVQlO-1  U 

♦f  ♦p''  l**l(l*l8  t(^)*)i 

+  I  ♦”  u’‘p  (|v|B  |vo|p'’ b,  . 

Proceed  as  from  3.1.35  with  minor  changes  as  In  the  redefinition 


of  F(r)  to  get 


(3-’-m)  °a  “)v*(a^j  iB  “--r 

pi  pi 

^  cacCp(f)H(r)+q(r))/a 

for  a  <  e"1  CjV)  ,  C 2(r)  ■  c(s(r)(sp/p(r)  +1)  +  t(r))q/*q"p^ 

Given  fi  s.t.  ^  i  5  <  p-1  ,  pick  a  and  kQ  s.t. 

kQ 

a|  s  nrinfe"1  CjV)  ,  §  }  <  a  and  *  «(j)  -  «  • 

Now  combine  (3.1.57),  (3.1.58),  and  (3.1.59)  to  get 


l _ 


(a^rl  »q4/p“)P/,<  *c,wta»i 
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with  C3(r)  s  c  C,2(r)  ectP<r)H(r-)+q(r))/a 

Taking  p  «  j  and  recalling  that  u  »  u(r)  -uk  +  K(r)  ,  It 
follows  that 

(3.1.60)  (i^inrje  Qq6/P“jP/q  s  C3(r)(y(r)-d(r/2)n(r)) 

'  r/2 

for  p  *  5  <  P"1  • 

For  the  final  step  let  4  *  *p  e  ®  uk  »  with  *  «  CgfB^)  » 
|7*|  s  -•  and  1*1  s  c  . 

p-1  ‘b05 

yt  >  p  f  e  uK 
•bA0 

♦  *p  e  0  ^iK 

-b.Q 

+  bQ  *p  e  u  u^  7uk  (7u  ~-V\)  » 

and  following  the  usual  procedure  It  Is  seen  that 

J  *p  VuK  •  AE  -  -J  *P  uK  BE  -  p  |  *P-1  \  7*  •  AE 

-  b0  f  *P  uk7uk-AE  , 


I  *P  |Vuk(P  XE  s  j  ♦p(C>|u|p+C2)E 

♦  »>o  f  *P  uk|7uk|P  AE 

+  J  *P  ujc|7uk|P‘1  b-j E 

♦  |  $P  ul P  1  +b3)E 

♦  p  J  (frP-1  |v«|»|  u|c|Vuk|p'1  yE 

♦  P  |  ♦P-1  I?*  I  ufc(a1 1 u | P-1  +a2)E 

-  k0  \  *  “k',uklp  XE 

♦  b0  |  *P  uk^c»'ulP  +c2>E  • 

Cancel  the  second  and  seventh  terms  and  use  an  inequality  similar  to 
(3.1.26),  |u|  s  M  ,  and  K(r)  s  1  to  get 

*  {  ♦"  l%lP  X 

*  c(v(r)  +  K(r))  K^*1  (r)  |  (*p  r'K^H^K'V)  ♦<bl«*3)lf<'H,(r) 

♦  (»1»«2)p/(p'1)  U-P/(P-D  XK'p(r)  +rp  |V*|P  u) 

+  rp  |  ♦P"1  uk|Vuklp'1  (*b,  +  |V*||i)  . 

Use  Inequality  (3.1.6)  with  e  ■  1  and  ♦  »  ♦  on  the  first  expres¬ 
sion  along  with  Vuk  ■  -70  to  get 
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(3.1.61)  rp  |  *P  |7Q|PX  s  c(Sp(r)+l)(y(r)+K(r))  KP_1(r)  <u(Br) 

♦  rPj^"1  uj{|7u|P’1  (4^  +  |7*|y)  . 

Pick  o  >  so  that  1  <  (l-a)p  <  ^  .  Use  Inequality 
(3.1.6)  with  e  *  1  ,  *  *  *0Y*/p  ,  y*  *  p(1-a)(p-l)  to  get 


(3.1.62) 


s 


i 


rp  |  *Pur*  bp  X-(p-^ 
r**  |  *p  F(r) 

r**  |  *p  |7uY  /Pfx+  c(sF(r)  +1) 


c(sp(r)  +1) 


r/2 


jr* 

U  6) 

by  using  3.1.55. 


Also, 


rP  \  *P_1  “kl^lP'1  (*bl  +  ,7*Ip) 

t  v(r)  {  (♦p*1u(o*1)(p-1)rp-1  |7u|p”^  X(p*1)/p  x 
(0O-«)(p-i)rUbi+N,u)x-(p-l)/p) 

s  cy(r)(rp  j  $P|7Q°|P  x)^p_1^p  x 

(rPjuV  bp  X’<p-1)  +  |7«|p«))1/p 

<  c(sF(r) +1)y(r)(f  Qop  o>  f*  ^P(f  0Y*  ai)/P 

\/Z  \/2 


using  (3.1.55)  ,  (3.1.62) 
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s  c(sF(r)+l)C§“V)u(r)(y(r)  -y(r/2)  +  K(r))p”1  w(Br) 

by  using  (3.1.60). 

Combining  this  with  (3.1.61)  gives 

r"  |  ♦p|Vu|pX  s  c(sF(r)+l)c|*’(r)(M(r)tK(r))(p(r)-M(r/2)+K(r)u(Br)  . 

Using  (3.1.60)  once  more  gives 

rP  |  |v(*Q)|p  X 

s  6(r)(y(r)+K(r))  (y(r)-y(r/2)+K(r))p_1oj(Br)  , 

c(s(r)(sj/p(r)+l)+t(r))q/(q“p) 
where  G(r)  s  [(s(r)+t(r))  exp(p(r)H(r) +q(r))]  f 

using  the  assumption  in  (3.1.6)  that  s(r)  2  2  . 

3*^*®  Modulus  of  Continuity  Estimates  for  Weighted  Sobolev  and  V.M.O. 
functions 

A  result  of  Morrey  Implies  that  functions  In  the  unweighted 
Sobolev  space  W1  *P(3R**)  are  HBlder  continuous  for  p  >  d  .  In  the 
present  section  a  similar  result  Is  proven  for  the  weighted  spaces 
W**p(u,v,fl)  which  support  a  weak  type  of  Sobolev  inequality.  This 
result  Is  derived  from  an  estimate  for  the  modulus  of  continuity  of 
functions  of  vanishing  mean  oscillation  which  In  the  unweighted  case, 
for  g(x,r)  •  cr  .Is  due  Independently  to  Campanato  [CA]  and  Meyers 
[MY2].  It  will  be  used  In  Section  3.3.0  to  establish  continuity 
for  solutions  of  certain  degenerate  elliptic  systems. 
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Functions  of  Vanishing  Mean  Oscillation 

Let  g:  B$cF+-*-lR+  be  Borel  measurable  and  let  cd  be  a  locally 
finite  positive  Borel  measure  on  an  open  set  8  £  IR^  .  For  simplicity 
it  will  be  assumed  that 


(3.2.1) 


«(3B)  *  0 


for  all  balls  B  with  B  efl  .  The  theory  is  much  more  technical 
without  this  assumption. 

MOg  will  be  the  space  consisting  of  functions  u  :  IRd  IR , 
u  c  l]0C(ci),0)  such  that 

(3-2.2)  «nrr  iu(y)  ■  jfsy  Lu(*)  <*“(*)!  *»(*)  *  g(x,r) 

for  all  B  ■  B(x,r)  ,  B  cQ  .  The  methods  used  allow  for  much  more 
general  sets  than  balls.  This  restrictive  approach  was  chosen  for 
simplicity. 

To  estimate  Ju(y)-u(z)(  for  y,z«B,  Sen,  it  is  only 
necessary  to  estimate  0(x)  »  Ju(x)  -  ^-gy  j  udo>|  for  x  e  B 
since  |u(y)-u(z)J  *  0<y)+o(z)  . 

To  do  this  it  is  necessary  to  Introduce  some  geometry. 


3.2.3.  Assume  that  x  «  B  ■  B(xQ,R)  ,  and  that  Fx  :  B  -*•  [0,R)  is 
continuous  with  F’^O)  «  x  ,  F’^tO.R))  ■  B  ,  and  F'^O.r)  » 

Bx(r)  for  0  <  r  <  R  ,  where  Bx(r)  is  a  ball  of  radius  r  centered 
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at  <^(r)  e  IR*1  .  The  continuity  of  Fx  forces  cx(r)  to  be 
continuous  in  r  .  Also,  assume  that  Jx-cx(r)j  <  0r  for  some 
0  ,  0  <  0  <  1  ,  to  Insure  that  lim  ■/ Ji-u  f  udw  *  u(x) 

r+0  4x(r) 

a.e.  w  .  This  follows  from  Propositions  1.1.3  and  1.1.5  and  a 
Covering  result  of  A.  P.  Marse,  page  6  [6].  Points  where 
the  limit  above  exists  will  be  referred  to  as  Lebesgue 
points. 

Let  olx(r)  *  <tt(F”^([0,r)))  ■  ai(Bx(r))  <«  so  that  a>x(r)  Is 
a  monotone  Increasing  left-continuous  function  on  [0,R]  and  so 
Induces  a  finite  Borel  measure  on  [0,R]  .  &>x(r)  is  actually 

continuous  In  r  because  of  (3.2.1),  so  has  no  atoms.  If  f  , 
E  are  Borel  measurable  and  f  *  0  ,  then 

(3.2.4)  ^  ffrjdj^  ■  {p-i^j  f(px(y))  ; 

The  method  of  proof  of  Theorem  3.2.5  involves  a  reduction  to 
one  dimension,  where  an  Integration  by  parts  with  respect  to  o>x  Is 
carried  out.  (3.2.4)  Indicates  the  flavor  of  the  reduction,  the 
basic  difference  being  that  f(Fx(y))  must  be  replaced  by  an 
arbitrary  function  u(y)  . 

3.2.5  Theorem.  If  u  «  M0g  and  x  ,y  are  Lebesgue  points  of  u 
with  respect  to  u  ,  then 


i 
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(3.2.6) 


and  so 


o(x) 


I  u(x) 


s  2g(xQ,R)  +  4 


g(c  (r),r) 

■  «?rT"Vr) 


(3.2.7)  |u(x)-u(y)|  s  4(g(x0.R)  + 


fK  9(cJr),r) 

*  dco(r) 


JO 


TFT 


9(c  (r),r) 

a  Jr)  Vr)>  • 

0  y 


An  alternate  expression  for  (3.2.6),  (3.2.7)  results  from  (3.2.4) 
since 


,R 


g(c  (r),r) 

■  V>  da*{r)  ’ 


g(cx(Fx(z)) ,  F  (z)) 

- Mt) 


3.2.8.  If,  in  addition, 

g(x,r)  ■  f(oj(B(x,r))) 
for  f  :  1R+  -*•  IR+  continuous,  then 

|u(x)-u(y)j  s  8(f(u(B))  +  ^  ds)  . 
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Renarks 


It  should  be  noted  that  the  assumption  that  x,y  are 
Lebesgue  points  is  usually  unnecessary.  In  fact  if 
fR  g(cx(r),r) 

'  0  cljj  C*) 


duCr)  <  •  then  it  can  be  seen  from  the 


proof  of  Theorem  3.2.5  that  the  averages 


Cr) )  [  u  d(i>  form  a  cauchy  sequence  in  r  and 

J»,w 

therefore  converge.  If  the  above  integral  is  finite  for 
all  x  in  some  set  E  then  u  may  be  redefined  almost 
everywhere  -u  in  E  so  that  every  point  is  a  Lebesgue  point. 

A  typical  geometry  would  be  given  by  defining  ?x 
implicitly  as  |y  >  cx(FxCy))  j  -  FxCy),  with  cxO)  - 


x  -  J(x-xQ)t  B  ’  BC*o»R)»  ""T — ~  <  l*  is  the 

positive  solution  to  a  quad*,  tic  and  its  graph  is  a  skewed 
cone  with  vertex  x. 
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The  geometry  described  at  3. 2. 3, with  x  generally  off  centered 


In  6  ,  Is  not  necessary  if  <o  Is  a  doubling  measure.  That  is,  if 
w(B(x,2r))  s  c  <u(B(x,r))  .  In  this  case  take  x  *  xQ  *  cx(r) 

Fx(y)  *  |x0-y|  so  that  for  x  ,  y  with  |x-y|  *  R  , 

(3.2.9)  |u(x)-u(y)|  *  |u(x)  -  Jflhiir  |B(X>R)  " 

*  |u(y)  *  T5TKKJ)  i„,B)  ud“> 

♦  E  , 


where 

E  ■  iT8TxT5)W8(7.fi5)I8(Xi(!)  {8(y>R)  t«(x)-u(>)|  Mx)  My) 

s -r—  [  f  lu(x)-u(y)|  dco(x)  do»(y) 

•  (B).  JB  JB 

for  B  •  B(  |-R)  ,  using  the  doubling  condition.  Considering 
(3.2.10),  this  can  be  bounded  using  (3.2.2). 

The  continuity  of  f  In  (3.2.8)  Is  not  necessary.  If 
tt(S”*(B))  «  0  ,  where  B  is  the  set  of  non-Lebesgue  points  of  f  , 
then  (3.2.8)  still  holds. 

Proof  of  Theorem  3.2.5.  (3.2.6)  will  be  proven  first,  then  (3.2.7) 
will  follow  immediately. 


Assume  that  u  e  MOg  and  that  x  Is  a  Lebesgue  point. 

«a(B„(r))  >  0  for  all  r  >  0  since  11m  /„.v\  [  udm  must  be 

x  r* 0  *<  V™  4x(r) 

defined.  For  convenience  the  subscript  x  will  be  dropped  from  mx 

and  ,  and  Bf  will  be  the  ball  8r(x)  .  j  |u|dm  <  »  since 

1  f  B 

u  «  Ljoc(u,fl)  and  left.  Let  f (r)  ■  I  u  dm  .  f  Is  absolutely 

continuous  with  respect  to  m  (see  1.1. 10)  since  V  e  >  0  ,  3  6  >0 

such  that  If  m(A)  <  6  ,  A  c  B  .  then  |u|  dm  <  e  ,  so  that  given 

'A  « 

disjoint  Intervals  I.  ■  [a.  ,b.)  .  1  •  1,2.3*  ...  ,  with  m(  u  IJ  < 

1  i  i  “  i.i  1 

m  m 

6  ,  then  m(A)  ■  m ( U  I.)  <  6  ,  where  A  ■  U  (BK  -  B  )  ,  so 

1-1  1  1-1  b1  a1 

I  lf(bl)  *  |a  |u|  dm  <  e  . 


From  Proposition  1.143  It  follows  that  f(r)  ■  f  4^  (s)  dm(s)  . 

df  -  1  ^°*rJ  “ 

Denote  ^  by  u  .  It  Is  easy  to  see  for  u  ,v  c  ljoc(m,n)  and 

K  that  u+Xv  •  u+Xb  a.e.  m  . 

It  Is  claimed  that  |uj  s  fuf  .  Pick  sets  F+  ,  F_  disjoint 

so  that  u+  ,  the  positive  part  of  u  ,  Is  supported  on  F+  ;and  u“  , 

the  negative  part  of  u  ,  Is  supported  on  F_  ,  so 


i 


0+  dm  -  [  u  dm  ■  J  u  dm 

“  JEnF+  ~  'm"  (EnF+) 

s  j  !  u+  dm  ■  [  u+  dm 
V(EnF)  'EnF 
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for  all  Bore!  measurable  E  .  Therefore  u  s  u*  and  so  |uj  » 
Q*  ♦  (-u)+  *  u+  +  (-u)+  «  Juf  . 

From  this  It  can  be  seen  that 


(3.2.10) 


f  f  ju(s)  -  u(t) j  dw(s)  du(t) 

JO  Jo 

sf  f  Ju(x)  -u(t)|  sdw(s)  dto(t) 

JO  Jo 

*  f  f  1  u(x)  -u(t)l  dw(x)  dw(t) 

JO 

r 

■  J  |u(x)-u(t){  <%(t)  du(x) 

r 

s  J  |  |u(x)  - u(y){  dw(y)  do>(x) 

®r 

I  u(z)  do>(z)  |  doj(y)  d<u{x) 

®r  r 

+  1b  1b  ‘ssrr  Jb  da>^z^*u^i  m*)  *»(*) 


r  r 


s  2u  (Bf)  g(c(r),r)  by  (3.2.2), 


5°  Ju(s)-u(t)|  dsu.Cs)  d^t)  s  2g(c(r),r)  .  How  let 

A(r>  ’  WT  I,  u(s)  ds  ,  which  Is  absolutely  continuous  with  respect 

to  a  on  [e,R)  ,  e  >  0  by  Proposition  1.1.13  since  «(r)  >  0  for 

r  >  0  .  Also  by  differentiating  w(r)A(r)  «  u(s)  ds  with  respect 

Jn 
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to  a  ,  as  In  1.1.18,  It  Is  seen  that  A (r)  +u(r)  ^  (r)  »  u(r)  for 
r  >  0  ,  and  so  ^  (r)  *  °^ri(~ry^  .  Proposition  1.1.13  Is  used 
several  times  in  the  following. 


p*r 

P-e 


|A(r)-A(e)|  -  |[  *l(s)  I 

.  |f  -jr —  f  (u(sj-u(tl)dfii(t)  dw(s)| 

4  sz(s)  h 

£  f  -r —  f  1  u(s)-u(t)  |  du(t)  du(s) 

4  «  (s)  Jo 

-  -J —  f*  f  |u(s)-u(t)|  cko(t)  du(s)| 

cz(p)  Jo  Jo  1 

+  2 1  ~)  (|0  Iq  dtt(p))  ^s) 

£  2g(c(r),r)  +  4  J  <%(*)  . 

and  the  result  follows  by  letting  e  -►  0  since 

A(c) "  alb  £  “  jB  ud"-u(x) 

t 

since  x  Is  assumed  to  be  a  Lebesgue  point  of  u  with  respect  to  a  . 

To  prove  3.2.8.  let 

6(r)  ■  if  ^  ^  tel  ds  , 

t(c)  s 

6  Is  absolutely  continuous  with  respect  to  a  since 


I 
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^  |G(b1)-G(a1 ) |  ■ 

Differentiate  using  (1.1.33)  to  get  g- *  *  so  that 

G(r)  ■  |  <Ms)  .  Let  e  -►  0  to  finish  the  proof.  I 

Continuity  of  Sobolev  Functions 

Let  ft  c  ©d  be  an  open  set  and  let  o  ,  v  be  locally  finite 
positive  Borel  measures  on  ft  with  v  absolutely  continuous  to  u 
Let  Vp *^(<u,v,fl)  be  the  Sobolev  space  defined  in  2.2.1  with  p  2  1 


\  £0  ^ ds  2  M  SCa<,b<>  • 


3.2.11  Theorem.  Assume  that  u  e  W1 *p(aj,v,ft)  and  that  the  Sobolev 
inequality 


<3-2-12)  |B  iu(x)  “  IB  u(y)  ***** 

s  K(x,r)(j^  Jvujp  dv) 


holds  for  every  B  »  B(x,r)  with  Ben.  Then,  assuming  the 
structure  of  Theorem  3.2.5, 


|u(x)-u(y)|  s  4 


(k(xq,R)  + 

Jo 


Mcy(r),r) 


P  K(c  (r),r)  x  D  J 


Vp 
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If  x  ,  y  are  Lebesgue  points  of  u  with  respect  to  m  . 

If,  In  addition,  K(x,r)  ■  f(a>(B(x,r)))  for  f  :  IR+  -*•  1R+ 
continuous,  then 


(J.2.13)  |  u(x)-u(y)  |  s  8(fWB(*0,R)))  ♦  r<Bt,<0‘R))  ^  ds) 

(L.«  |7u|Pd',>1/P  • 


Proof.  Apply  Theorem  3.2.5  with 


Remarks .  Theorem  3.2.11  Is  true  In  the  more  general  setting  of 
Section  2.1.0. 

By  applying  Hblder's  Inequality,  It  Is  seen  that  the  Inequality 


<3*2*14)  OTT  1b  *  OTt|b  <fa>(y)f  dco(x) 

s  Kp(x,r)  £  |7dlP  dv 

for  all  B  ■  B(x,r)  with  Ben  and  all  $  e  W^,p{(u,v,fl)  Is  suffi¬ 
cient  for  (3.2.12)  to  hold.  A  limiting  argument  shows  that  (3.2.14) 
need  only  be  assumed  for  4  <  C**(n)  .  In  Theorem  2.2.41  It  Is  seen 
that  (3.2.14)  Is  equivalent  to 


-205- 


(3.2.15)  s  c  K(x,r)£H(KnB) 

for  compact  sets  K  £fl  (recall  that  S  e  g  so  Cq(J1)|^  a  C  (n)|^  )  • 

Example.  if  K  is  as  in  the  example  preceedine  Lemma  3.1.16 
and  w(x)  *  v(x)  dist°(x,K') 

with  a  >  -y  ,  then  (3.2.13)  holds  with  K(x,r)  *  crm"1^P(B(x,r)) 
by  Theorem  2.2.56  (specifically  (2.2.62)  and  (2.2.63)).  As  in 
(2.2.70)  it  is  seen  that 

<o(B(x,r))  ^  rd  maxa{r  ,  dlst(x.K)}  . 

If  a  *  0  .  then  r*1*0  s  c<u (B(x,r))  ,  so  K(x,r)  *  cra>_1/p(B(x,r))  s 
f(m(B(x,r)))  for  f (t)  *  Ct®  ,  0  *  •  If  P  >  d+a  , 

apply  (3.2.13)  to  get 

|u(x)-u(y)J  s  cw&(B(x0,R)) 

scR3*1  max^R  ,d1st(x0,K)}  , 

so  u  Is  Hdlder  continuous. 

If  a  <  0  ,  then 

rd  s  (o(B(x,r)) max^ {r  ,d1st(x,K)} 
s  c  w(B(x,r)) 

for  bounded  r  ,  x  ,  so  a  similar  argument  shows  that  u  Is  Holder 
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continuous  If  p  >  d  . 

It  Is  Interesting  to  note  that  there  Is  some  additional  regular¬ 
ity  at  R  In  the  case  of  a  <  0  .  A  careful  analysis  of  the  proof 
of  Theorem  3.2.11  shows  that 

|u(x)  -  jtW  f  u  do>|  s  crMd+a)/p  ,  g  «  g(x,r)  , 

'B 

If  p  >  d+a  and  x  e  R  ,  where  u(x)  has  been  redefined  on  K  In 
the  natural  way,  that  Is,  u(x)  Is  defined  as  the  limit  of  the 

stBcbu  lB(Xir)  “  ““  • 

3.3.0  Higher  Inteorabllitv  for  the  Gradient  of  Solutions  of  Elliptic 
Systems  with  Application  to  Continuity  of  Solutions 
Solutions  u  of  second  order  quaslllnear  degenerate  elliptic 
systems  are  considered.  It  Is  assumed  that  u  c  .  where 

p  Is  the  natural  exponent  for  the  equation.  Then  It  Is  shown  that 
M  «  Lfc(u*)  .  In  the  case  of  Lebesgue  measure  with  u  =  1  ,  this 
can  be  used  to  show  that  u  Is  Hblder  continuous  In  the  borderline 
case  d-e  <  p  s  d  .  In  the  weighted  case  the  critical  exponent  may 
change  but  continuity  Is  still  achieved.  The  analysis  also  applies 
to  higher  order  equations.  The  basic  method  is  due  to 
N.  Meyers  and  A.  fclcrat  IMYE]  (w-l) . 

The  equations  considered  are: 

(3.3.1)  7»Aj(x,u,Vu)  ■  B.jU.u.Vu)  ,  1  ■  1  , ...  ,  H  , 
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where 


and 


A:  n  *  RN  x  ]RdN  -►  Rd  , 


8:  n  x  1RN  x  iRdN  -►  1R 


are  Borel  measurable  functions  satisfying  the  conditions: 


(3.3.2) 


'  ^  |A1(x,u,7u)|  s  SqJj | Vu | +  a-ju  , 
^  |B^(x,u,7u)|  s  b1u|vu|p”1  +  b2y  , 
l  Aj  •  VU^  i  p  jVu|p  -  c}V  , 


where  u  *  (u-j  , ...  ,  u^)  ,  Vu  *  (Vu-j  , ...  ,  Vu^)  ,  aQ  a  1  Is  a 
constant,  and  y  ,  ay,  b1  ,  b2  ,  c1  are  nonnegative  Borel  measurable 
functions  on  the  open  set  fl  .  It  Is  assumed  that  0  <  y  <  «  a.e. 
and  that  y  Induces  a  locally  finite  measure  w  which  Is  doubling, 
that  Is,  <u(E)  ■  [  y  and  a>(B(x,2r))  s  c  o»(B(x,r))  .  It  Is  also 
assumed  that  there  Is  an  o  >  0  such  that 


(3.3.3)  (u.Cl)  .  b,  .  l”'(s-P)to  (u.O)  , 

b2  .  L^<s'1)w  (u.tl)  .  and  c,  ,  (u.tl)  , 

where  s  Is  given  In  (3.3.4),  (3.3.5). 

In  some  cases  these  conditions  can  be  weakened  by  using  other 
Sobolev  Inequalities  In  combinations  with  those  In  (3.3.4),  (3.3.5). 
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N 

Let  wj^(p.n)  *  H  w](jjj(n,M.n)  ,  w]^(M,y»n)  as  defined  In 

2.2.1.  A  pair  (u,Vu)  c  w]^(y,n)  is  said  to  be  a  weak  solution  of 
(3.3.1)  if 

^  j  7*1  *A^X*U*^U)  +  B(x,u,7u)  ■  0 

for  all  e  «  wj*p(y,n)  . 

It  will  be  assumed  that  the  following  Sobolev  inequalities  hold 
for  p  ,  q  ,  s  with  1  <  q  <  p  <  s  . 

(3-3-4)  (:Jbt1b  I*  *  S5t[  *  d“lP  d“)/P 

4  vfaWJ,  i7*iqd“)/<! 

for  all  $  <  wj^y.n)  and  all  balls  B  with  diameter  r  ,  led  ; 

<3-3-5)  |4'^b7^  *d“l$'l")/S 

4  Vfcsr.[  I7*!"  d“)/P 

for  all  4  e  u]o£(y«ft)  and  all  balls  B  with  diameter  r  ,  b  £  ft  . 

It  Is  of  course  only  necessary  to  assume  (3.3.4),  (3.3.5)  for 
C r  functions  and  then  the  usual  limit  procedures  allow  general 
Sobolev  functions.  Conditions  for  Sobolev  Inequalities  of  the  form 
(3.3.4),  (3.3.5)  are  discussed  for  scalar-valued  functions  In  Section 
2.2.0.  The  vector-valued  case  Is  an  obvious  corollary.  For  certain 
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s  >  p  ,  Inequality  (3.3.5)  follows  from  Inequality  (3.3.4)  as  In  the 
proof  of  Theorem  2.2.56.  A  simple  consequence  of  Inequality  (3.3.5)  Is 

that  If  *  «  wloc^’^  *  t*1en  *  €  Lloc^»^  • 

The  analysis  of  the  equations  will  produce  a  “reverse  HSlder" 
type  of  maximal  function  Inequality  from  which  the  higher  integrability 
of  the  gradient  will  follow. 

Theorem.  If  (u,7u)  is  a  weak  solution  of  (3.3.1)  In  a 
bounded  open  set  n  c  1R^  ,  then  there  exists  e  >  0  so  that 
l7ul  €  Lloc^*n^  *  e  depends  only  on  d  ,  p  ,  q  ,  s  ,  an  ,  c  ,  a  , 

(I  Cl) 

S1  *  s2  ‘ 

—mark.  As  in  [MYE],  If  (u,7u)  «  wj'p(u,n)  and  certain  weak  as¬ 
sumptions  are  made  about  an  ,  then  j7u|  €  L^fo)  . 

Proof.  Let  Q_,  Q^,  QQ  be  concentric  cubes,  with  side 

lengths  v  2S,,,,,  3S,,,,  respectively,  as  in  section  2.3.0. 
Estimates  will  be  made  over  balls  B'  -  B(x,r),  x  e  Qj, 
using  test  functions  of  the  form  4  *  $(u-k)  where  Ms  a 
function  such  that 

(3.3.7)  *  e  Cq(B(x, 2r)  ,  0<  ♦<!,♦•  1  on  B\|7<fr|  <  2/r. 
These  calculations  will  yield  the  inequality 

(3.3.8)  MR(g*)(y)  £  c  M*(g)(y)  ♦  \  M(g«)  (y)  ♦  F(y) 

for  y  €  Qj  and  R  ■  Sm/2  where  MR,M  are  as  defined  in  section 
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2.3.0,  g  ■  |Vu|q,  q  -  p/q  and  c  depends  only  on  ag,  , 

Um  ? 

s2,  p,  d,  c^;  and  F  e  l  (M.Qj^  for  some  o'  >  0,  a' 
dependent  only  on  a,  s,  p. 

Using  propositions  1.1.3,  1.1.4,  1.1.5  and  1.1.9  to 
show  that  F  <_  M(F)  a.e  and  letting  f  *  F*^q  it  follows  that 

MgCg*)  <  c  Mq(g)  ♦  M(fq)  +  \  M(gq)  a.e.  in  Qx  . 

Applying  Theorem  2.3.3  it  is  clear  that  | Vu|  e  Lp+e (Q^)  for 
some  e  >  0  dependent  only  on  d,  p,  q,  s,  aQ,  c^.a,  s^,  s^ , 
so  |Vu|  e  LP*|(y,fl). 

To  prove  3.3.8  let  K  -  j^udw,  B  -  B(x,2r), 

v  *  u-k  and  ♦  »  $pv,  <p  as  above.  Take 

7*  ■  p  $p"1  7*  v  +  $p  7v 

so  that  (*.74)  «  wj,p(y,n)  by  Proposition  2.2.2,  and 

^  |  CP*^1  7«  •Ai  +  $p  7v1*  +  $P  v1  B^]  *  0  . 

Rearranging  terms  and  using  the  structure  conditions  (3.3.2),  It 
follows  that 


J  4P  1 7u f P y  s{  *P 

♦  aQp  |  ♦P‘1  |7$|  H  |7u|p*1  ]X 

♦  P  J  ♦P“1  |V<M  |v|  a^ 

♦  J  *P  | vj  |7u|p-1  b^y 

♦  j  *P  |v|  b2y  . 


Younges'  Inequality  implies  that 

♦M  |V*|  |»|  |VU|P'1  s  e*p  |Vu|p  ♦  e'(p*1)  |7*|p  |v|p 
|v|  lvu|p_1  b,  se  |7u|p +e'(p’1)  |v|pb?  . 

Applying  these  with  e  =  min{  (4a-.p)’^ }  ,  absorbing  the  gradient 
terms  into  the  term  on  the  left-hand  side,  using  Holder's  inequality 
on  three  of  the  remaining  terms  and  recalling  (3.3.7),  it  follows  that 

MPys  |B  +  cr*P  jvjP  y 

+  4'''tp)P/t(f»b?t/(t'P,p)(t'P,/t 

+(fB'v'tpr(fBbr(t-i)p)(t',,/t 

for  some  t  <  s  such  that  <  ^y  +  a  and  <  ~y  +  «  • 

Finally,  use  inequality  (3.3.4)  on  the  second  term,  inequality 
(3.3.5)  on  the  third,  followed  by  an  application  of  Younges'  inequality 
and  recall  that  <o(B)  sc  Cu  oj(b')  to  get  that 
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SET  fB.  I',u|,’u  s  SET  ^  ‘i*1*  c(uET  4  " 

♦‘StM,  |7U'P'1 

Taking  the  supremum  over  r,  0  <  r  <  S,_/2  and  letting  c  -  i/2, 
J7u|^  ■  g,  q  ■  p/q  and  R  *  S  /2  it  is  clear  that  3.3.8  is 


verified  with 


F(y)  ■  c(M  (CjHy)  +  mP^WP"*)*  (a*/(s-l )*){y) 

♦  hP^JvI ^(y)  ^P)n  (bP^/(t:-p))(y) 
♦H^lv^Hy)  (b^-^Ky)  . 

and  F  c  L1+a  (m ^ )  for  some  o'  >  0  because  of  Propositions  1.1.3, 
1.1.4,  assumption  3.3.3,  and  the  fact  that  |v|  «  l*oc(v,n)  ,  which 
follows  from  Inequality  3.3.5.  The  proof  Is  completed  as  In  3.3.8.  I 


Contlnul ty  of  Solutions 

Suppose  the  measure  <o  is  fixed  and  there  is  a  critical  exponent 
Pq  where  the  constant  K(x,r)  in  the  Sobolev  inequality  (3.2.12)  is 
bounded  for  P  ^  Pq  and  unbounded  for  p  <  .  (If  u  is  Lebesgue 

measure,  then  pQ  3  d  .)  If  aQ  and  a  (as  in  (3.3.2),  (3.3.3)) 
are  fixed  and  only  equations  satisfying  this  structure  are  considered, 
then  under  fairly  general  circumstances  the  e  given  in  Theorem  3.3.6 
will  depend  continuously  on  p  so  that  estimates  on  the  modulus  of 
continuity  for  solutions  u  can  be  derived  for  p  >  Pq-c*  ,  with 
e'  >  0  dependent  only  on  pQ  ,  aQ  ,  a  ,  d  ,  and  the  measure  u  . 

For  simplicity  only  the  borderline  case  P  3  Pq  will  be  considered. 


3.3.9  Corollary.  Suppose  u  ,  Vu  ,  ft  ,  e  are  as  in  Theorem  3.3.6 

and 

%  • 

<3-3-10>  jB  |B  d“fy)|  <Mx) 

s  *(jB  l7*|P°  d“)VP° 

for  all  ♦  e  wj^(y,y,n)  and  all  balls  8  with  5  eft  .  If  x  ,y 
are  Lebesgue  points  of  u  with  respect  to  u  ,  such  that  B(Xq,R)  c 
ft  for  xQ  «  ^  and  R  -  ,  then 


/Pn+2e  \  (  f  pft+e  \l/(p0+e) 

(3.3.11)  | u(x)-u(y)  1  s  8  — y  \1b(x  r)  °  **)  X 

e/(p0+e) 

«  0  (B(x0.R))  . 

Remark.  Conditions  for  (3.3.10)  to  hold  are  discussed  In  the  remark 
after  Theorem  3.2.11. 

Example.  In  the  example  developed  after  Theorem  3.2.11.  It  Is  easy 
to  see  that  the  critical  exponent  Is  d  If  a<0  and  d+a  If 

J 

a  a  0  .  Also,  since  «(B (x.r))  *\.  r  max  (r  , dlst(x.K)}  ,  a  >  -y  *  d  , 
It  follows  from  Corollary  3.3.9  that  HBlder  continuity  can  be  es¬ 
tablished  for  solutions  In  the  borderline  cases. 

Proof  of  Corollary  3.3.9.  u  ■  (u^  , ... »  u^)  so 

zm  J,  |ui(x)  •  IB  ui(y)  d“(y)l  d“(x) 

1  KJg  i7u/°  *“)1/P° 

,  K  ^’(B)  (|B  4'^  . 

Given  x  ,  y  «  n  ,  Lebesgue  points  of  u  with  respect  to  u  , 
and  a  ball  8(xq,R)  such  that  B(xQ,R)  e(i  and  x  ,y  e  B(xQ,R)  , 
use  the  geometry  described  In  the  first  remark  after  Theorem  3.2.5 
and  apply  the  second  part  of  Theorem  3.2.5  with 
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